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VIWXVMGXMSRW���-R�XLI�GEWI�SJ�X[S�VIKMQIW��XLMW�VIHYGIH�VERO�GSRHMXMSR�MW�XLI�WEQI

EW�VIUYMVMRK�XLI�1'�XS�FI�WIVMEPP]�YRGSVVIPEXIH���2SXI�XLEX�[MXL�E�SRI�TIVMSH
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S S S11 21 31= = , � S S S12 22 32= = ��ERH�XLI�X[S�RSR�PMRIEV�VIWXVMGXMSRW

S % S % S S %

S % S % S S %
11 1

2 1
12 2

2 1
11 12 3

2 1

11 1
2 2

12 2
2 2

11 12 3
2 2

1 2

1 0

( , ) ( , ) ( , )

( , ) ( , ) ( , )

( )

( ) ,

+ + − − =
+ + − − =

%&'
����

[LMGL�EPWS�KMZIW�E�XSXEP�SJ�WM\�VIWXVMGXMSRW��XLMW�MW�NYWX�E�GSMRGMHIRGI��

0IX�YW�GSRWMHIV�XLI�MRXIVQIHMEXI�GEWI�[LIR�4�LEW�VERO�X[S���3RI�[E]�MR

[LMGL�XLMW�GER�SGGYV�MW�MJ� S S S11 21 31= ≠ ���� S S S12 22 32= ≠ ��KMZMRK�XLI�JSYV�RSR�

VIHYRHERX�VIWXVMGXMSRW



��

S S S S

S S S S

%

%

%

11 12 11 12

31 32 31 32

1
2 1

2
2 1

3
2 1

1

1

2

2

− −
− −

�
��

�
��
�

�
���

�

�
���

=
�
��

�
��

( , )

( , )

( , )

, ����

S S S S

S S S S

%

%

%

11 12 11 12

31 32 31 32

1
2 2

2
2 2

3
2 2

1

1

0

0

− −
− −

�
��

�
��
�

�
���

�

�
���

=
�
��

�
��

( , )

( , )

( , )

. ����

%KEMR�[I�SFXEMR���VIWXVMGXMSRW�SR�XLI�TEVEQIXIVW�

8LMW�I\EQTPI�WIVZIW�XS�MPPYWXVEXI�X[S�MQTSVXERX�TSMRXW���*MVWX��LEZMRK� VQST

VIWXVMGXMSRW�SR�XLI�TEVEQIXIVW�MW�RSX�XLI�SRP]�TSWWMFMPMX]��XLIVI�GER�FI�JI[IV��WMRGI

RSX�EPP�VIWXVMGXMSRW�RIIH�XS�FI�MRHITIRHIRX�[LIR�Ξ( )N �ERH� 3
QS
�EVI�SVXLSKSREP�

7IGSRH��XS�SFXEMR�E�791'�MR�XLI�EFSZI�I\EQTPI��JSV�KMZIR�Q �ERH� S ��HSIW�RSX

VIUYMVI�QSVI�XLER� VQST �VIWXVMGXMSRW��FYX�XLMW�GER�SGGYV�JSV�PEVKIV�RYQFIV�SJ

VIKMQIW���*SV�I\EQTPI��[MXL�T = 4 ��[I�[SYPH�SFXEMR���VIWXVMGXMSRW�GSVVIWTSRHMRK

XS�Ξ( ) = 0 ��ERH����JSV�XLI�791'�GEWI���8LIVI�EVI�XLIR���SZIVMHIRXMJ]MRK

VIWXVMGXMSRW�SR�XLI�TEVEQIXIVW�EFSZI�XLSWI�MQTPMIH�F]�6)���;MXL�QSVI�VIKMQIW

XLI�RYQFIV�SJ�SZIVMHIRXMJ]MRK�VIWXVMGXMSRW�MRGVIEWIW�VETMHP]��E�JIEXYVI�HYI�XS

VIUYMVMRK� ( )T −1 2 �VIWXVMGXMSRW�XS�MQTSWI�E�791'���'SRWIUYIRXP]��SRP]�[LIR�[I

LEZI�E�WQEPP�RYQFIV�SJ�VIKMQIW�MW�MX�TSWWMFPI�XS�MQTSWI�791'�[MXLSYX�MQTSWMRK

VIWXVMGXMSRW�YR[EVVERXIH�F]�6)��EPXLSYKL�[I�GER�WXMPP�GSRWMHIV�XLI�lMRXIVQIHMEXIz

VERO�GEWIW�JSV� 3 �

����0SRK�*SVIGEWX�,SVM^SR

-R�XLI�I\EQTPI�EFSZI��XLI�WLSVX�LSVM^SR�QEOIW�XLI�TVSFPIQ�QEREKIEFPI��FYX�JSV

QER]�ETTPMGEXMSRW�TVSTSWMXMSR�����MW�XSS�KIRIVEP�XS�FI�SJ�HMVIGX�YWI���;I�RIIH�XS

REVVS[�XLI�GPEWW�SJ� 1
M
�GSRWMHIVIH��ERH�SFXEMR�WMQTPIV�I\TVIWWMSRW���3RI
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GSRZIRMIRX�[E]�XS�HS�XLMW�MW�XS�PIX� 1 1
M

M= −δ �JSV� M ≥ 1 ��[LIVI� 1 �MW�E� V Q× �QEXVM\

SJ�GSRWXERXW�ERH�δ ∈( , )0 1 �MW�E�HMWGSYRX�JEGXSV���*SVQEPP]��[I�JSGYW�SR�L]TSXLIWIW

SJ�XLI�X]TI

1 \ 1 \W

M

M

N

W M W0 1
0− =

= +∑ δ E , ����

[LIVI�MR�QER]�ETTPMGEXMSRW� 1 H
L

= ’�

8LI�RI\X�GSVSPPEV]�WLS[W�[LEX�LETTIRW�XS�XLI�VIWXVMGXMSRW�[LIR�[I

GSRWMHIV�L]TSXLIWIW�WTERRMRK�E�PSRK�LSVM^SR��[LMGL�EPPS[W�YW��JSV�MRWXERGI��XS

GSRWMHIV�TIVTIXYMX]�QSHIPW���8LI�TVEGXMGEP�YWI�SJ�GSVSPPEV]�����MW�XS�TVSZMHI

I\TVIWWMSRW�JSV�XLI�VIWXVMGXMSRW�XLEX�SRP]�VIUYMVI�QEXVM\�QYPXMTPMGEXMSR��M�I�

[MXLSYX�WYQQEXMSR�WMKRW��

'SVSPPEV]����

0IX� 1 1
M

M= −δ , �δ ∈( , )0 1 ��ERH�Φ Φτ
τδ= −,

QST 1 6 ���-J�Φ1 �MW�RSR�WMRKYPEV��XLIR

Ξ Φ Φ( ) ,N

QS N1 -& 1E= − −
0 1

1δ ����

4633*��Ξ( )N
QS1 -& 6= −0 �[LIVI� 6 1E ,QST

N≡ + + + −δ δ δΦ ΦL ( ) 1 ���7SPZMRK�JSV� 6 �

[I�JMRH� 6 6 1E ,QST
N− = −δ δ δΦ Φ( )3 8 ���8LYW�� 6 1E , ,QST

N

QST= − −
−

δ δ δ( )Φ Φ3 83 8 1
�

ERH�XLI�VIWYPX�JSPPS[W�

8LMW�RI\X�GSVSPPEV]�XS�TVSTSWMXMSR�����GSRWMHIVW�XLI�WTIGMEP�GEWI�SJ

TIVTIXYMX]�QSHIPW��[LMGL�MW�SJ�MRXIVIWX�JSV�E�PEVKI�RYQFIV�SJ�L]TSXLIWIW�



��

'SVSPPEV]����

0IX�XLI� VQST Q ST× 2 �QEXVM\� 5 , 1 1
QST

= ⊗ +δ 01 6 ��XLI� VQST ×1�ZIGXSV

U 1 -&
QS

= vec 0 ��ERH�Ξ Ξ= ∞( ) ���%WWYQI�XLEX�XLI�PEVKIWX�IMKIRZEPYI�SJ�δ Φ �MW�MRWMHI

XLI�YRMX�GMVGPI��XLIR�[LIR� N → ∞ �XLI�VIWXVMGXMSRW�SR�XLI�EYXSVIKVIWWMZI

TEVEQIXIVW�MR������LSPH�MJ

5 E Uvec = , ����

4633*��9WI������XS�SFXEMR�Ξ Φ3 1 -& 1E 3
QS QS QS

= − =−
0 1

1 0δ ���8LMW�LSPHW�MJ

1 -& 1E
QS0 1

1 0− =−δ Φ ���4SWX�QYPXMTP]�F]�Φ1 ��δ δ1 -& 1E 1 -&
QS QS0 0 0Φ + − = ���2S[�

-& E
QS

Φ = �ERH�XLYW�δ 1 1 E 1 -&
QS0 0 0+ − =1 6 �

8LMW�GSVSPPEV]�LEW�X[S�VIQEVOEFPI�MQTPMGEXMSRW���*MVWX��XLI�VIWXVMGXMSRW�EVI

PMRIEV��ERH�WIGSRH��XLI]�HS�RSX�MRZSPZI�XLI�XVERWMXMSR�TVSFEFMPMXMIW���&SXL�SJ�XLIWI

EVI�E�FMX�WYVTVMWMRK�WMRGI�XLI� M WK: �XIVQ�MR�XLI�WYQQEXMSR�MW� 1E 3 %
QS

Mδ δ( ) −1 ��[LMGL

MRZSPZIW�XLI�XVERWMXMSR�TVSFEFMPMXMIW���;LEX�XLI�GSVSPPEV]�XIPPW�YW�MW�XLEX�XLIWI

TVSFEFMPMXMIW�l[EWL�SYXz�[LIR�[I�PIX� N → ∞ ���8LMW�VIWYPX�GER�FI�WIIR�EW�ER

I\XIRWMSR�SJ�XLI�XIWX�SR�XLI�EYXSVIKVIWWMZI�TEVEQIXIVW�MR

'EQTFIPP�	�7LMPPIV��������[MXL�E�PMRIEV�:%6��MR�XLI�WIRWI�XLEX�MJ�[I�PIX�T = 1 �[I

SFXEMR�I\EGXP]�XLIMV�JSVQ�SJ�PMRIEV�VIWXVMGXMSRW�JSV�XLI�TVIWIRX�ZEPYI�QSHIP�SJ�XLI

XIVQ�WXVYGXYVI�

)\EQTPI���GSRXMRYIH��EWWIX�TVMGMRK

6IGEPP�XLEX�XLI�L]TSXLIWMW�MR�I\EQTPI���[EW� H \ H \
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M
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0’ ’*− =

=

∞
+∑δ δ E

[LIVI�δ δ δ* ( )= − −1 1 ���-R�XLI�RSXEXMSR�SJ�XLMW�WIGXMSR��[I�LEZI� 1 H0 1= ’�ERH

1 H= δ * ’2 ���;LIR� S = 1 �ERH�T = 2 �XLMW�MQTPMIW�XLEX� U = 1 0 1 0 ’��ERH
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5 = δ δδ * ���9WMRK�������XLI�VIWXVMGXMSRW�SR�XLI�EYXSVIKVIWWMZI�TEVEQIXIVW

MQTPMIH�F]�Ξ = 0 �EVI�XLIR
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2SXI�XLEX�XLI�JSVQ�SJ�XLI�VIWXVMGXMSRW�LIVI�MW�ZIV]�HMJJIVIRX�JVSQ�XLEX�MR

XLI�I\EQTPI�[MXL�XLI�I\TIGXEXMSRW�L]TSXLIWMW���-R�������XLI�VIWXVMGXMSR�Ξ( )N = 0

VIUYMVIH�WIPIGXIH�IPIQIRXW�SJ�XLI�PEK�QEXVM\�XS�FI�IUYEP�EGVSWW�VIKMQIW��-R������

F]�GSRXVEWX��XLI�VIWXVMGXMSRW�EVI�SR�WIPIGXIH�IPIQIRXW�SJ�XLI�PEK�QEXVM\�[MXLMR�IEGL

VIKMQI�

���7XEXI�(ITIRHIRX�(MWGSYRX�*EGXSV

8LI�L]TSXLIWIW�IQFSHMIH�MR�����EVI�JEMVP]�KIRIVEP��FYX�[I�QE]�[ERX�XS�PIX�XLI

1
M
�XIVQW�FI�WXEXI�HITIRHIRX���-R�TEVXMGYPEV��XLI�GEWI�[LIR�XLI�HMWGSYRX�JEGXSV

HITIRHW�SR�XLI�WXEXI�QMKLX�FI�YWIJYP���8LIVI�EVI�SJ�GSYVWI�QER]�SXLIV�[E]W�MR

[LMGL�ER�MRHMZMHYEP
W�XMQI�TVIJIVIRGI�GER�GLERKI�SZIV�XMQI��FYX�E�HMWGSYRX

JEGXSV�XLEX�HITIRHW�SR�XLI�YRSFWIVZEFPI�WXEXI�QMKLX�TVSZMHI�ER�ETTVS\MQEXMSR�

,EZMRK�QSVI�XLER�SRI�I\SKIRSYW�HMWGSYRX�JEGXSV�XS�GLERKI�QMKLX�TVSZMHI�QSVI

MRJSVQEXMSR�EFSYX�XLI�QSHIP
W�TIVJSVQERGI���-R�TEVXMGYPEV��MJ�E�ZIV]�PEVKI�WQEPP

HMWGSYRX�JEGXSV�MW�RIIHIH�MR�SVHIV�RSX�XS�VINIGX�WSQI�L]TSXLIWMW��XLIR�XLEX�QMKLX
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0IX�δ δ δ= diag 1, ,L
T3 8 �ERH�δ δτ

τ
( ) = ⊗ , ���*SV�� M ≥ 1 ��[I�GER�VITPEGI������F]

Ξ Φ
M

QS QS M1E= −δ δ( ) ( )( ) .1 ����

4633*��7MQMPEV�XS�XLI�TVSSJ�SJ�TVSTSWMXMSR�����ERH�SQMXXIH�

'SVSPPEV]����

0IX� 5 1 1QS

δ δ= ⊗ +( )
01 6 ��ERH�Ξ M

�FI�HIJMRIH�JVSQ�������ERH�EWWYQI�XLEX�XLI

PEVKIWX�IMKIRZEPYI�SJ�Φδ ( )QS �MW�MRWMHI�XLI�YRMX�GMVGPI���8LIR�XLI�TEVEQIXVMG

VIWXVMGXMSRW�MR�Ξ = 0 �GER�FI�[VMXXIR�EW

5 E Uδ vec = . ����

4633*��7MQMPEV�XS�TVSSJ�SJ�GSVSPPEV]�����ERH�SQMXXIH�
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PMRIEV�VIWXVMGXMSRW�SR�XLI�EYXSVIKVIWWMZI�TEVEQIXIVW�

���8IWXMRK�XLI�6IWXVMGXMSRW
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MRZEVMERX�XS�XVERWJSVQEXMSRW�SJ�XLI�VIWXVMGXMSRW�MR�JMRMXI�WEQTPIW��WII�JSV�I\EQTPI

+VIKSV]�ERH�:IEPP����������8LI�RSR�PMRIEV�VIWXVMGXMSRW�[I�GSRWMHIV�EVI�WYFNIGX�XS

XLMW�GVMXMGMWQ��ERH�WS�[LIRIZIV�TSWWMFPI�MX�MW�HIWMVEFPI�XS�IWXMQEXI�XLI�GSRWXVEMRIH

QSHIP�EW�[IPP���;I�GSYPH�XLIR�GSQTYXI�0EKVERKI�1YPXMTPMIV��01��SV
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8LI�SFNIGX�SJ�XLMW�WIGXMSR�MW�XS�GSRWMHIV�WXEXMWXMGEP�XIWXW�SJ�XLI�VIWXVMGXMSRW

MR��������8S�FI�GSRGVIXI��WYTTSWI
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[LIVI�θ 0 1( )G × �MW�XLI�ZIGXSV�SJ�lXVYIz�ZEPYIW�SJ�XLI�TSTYPEXMSR�TEVEQIXIVW�JSV

XLI�VIKMQI�WLMJX�:%6�T��� $θ �MW�MXW�QE\MQYQ�PMOIPMLSSH�IWXMQEXI��10)���ERH�5�MW

XLI�GSZEVMERGI�QEXVM\�

0IX� J( )θ 0 0= �FI�E� U ×1 �ZIGXSV�SJ�VIWXVMGXMSRW�SR�θ �ERH�PIX�XLI� U G×

QEXVM\

*
J= ∂

∂θ ’
. ����
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d

= → =
−
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[LIVI� $4 �MW�ER�IWXMQEXI�SJ�XLI�GSZEVMERGI�QEXVM\�4 ��ERH� $ ( $ )* *= θ ���'PIEVP]��E
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FI�QSVI�VIWXVMGXMSRW�XLER�TEVEQIXIVW���1SVISZIV��*( $ )θ �QYWX�LEZI�JYPP�VS[�VERO
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XLI�PMQMX�ERH�XLI�EW]QTXSXMG�HMWXVMFYXMSR�SJ�;�YRORS[R���*YVXLIV��EW�E�VIKYPEVMX]

GSRHMXMSR�[I�VIUYMVI�XLEX�* �RSX�GLERKI�VERO�MR�E�RIMKLFSYVLSSH�SJ� $θ �
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1( ) �[MPP�FI�X[S
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MR�WIGXMSR���WYKKIWX�LS[�MX�QMKLX�FI�HSRI��I�K��GSRHMXMSR�FSXL�WMHIW�SJ������SR

W−1 �MRWXIEH���8LI�EHZERXEKI�SJ�MKRSVMRK�MX�MW�XLEX�JSV�XLI�SRI�TIVMSH�JSVIGEWX
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PMRIEV�
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WTVIEH�ERH�JMVWX�HMJJIVIRGI�MR�XLI�WLSVX�VEXI�EVI�TPSXXIH�MR�JMKYVI���

Figure 1.  US Interest Rates
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Figure 2.  US Interest Rates

Spread, 6m-3m TB
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SVHIV�SJ�QEKRMXYHI�WQEPPIV�XLER�XLSWI�MR�XEFPI����[MXL�SRP]�SRI�I\GITXMSR���8LI
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Figure 4.  Ex Ante Optimal Prediction, Model 1

A
nn

ua
l Y

ie
ld

Quarters

Figure 5.  Ex Ante Optimal Prediction, Model 2
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FI�WEXMWJMIH���HMWGYWWIH�FYX�RSX�MQTPIQIRXIH�MR�XLI�TETIV���[SYPH�FI�MJ�E�GIVXEMR
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