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1 Introduction

In this paper the model in "The New Keynesian Phillips Curve and Staggered Price and Wage De-
termination in a Model with Firm-Specific Labor" is presented in detail. We describe the agents and
sectors of the economy and state the conditions for optimizing behavior. We then describe how to
compute the steady state of the model. Next, we proceed to log-linearize the flexible as well as the
sticky price model around the steady state. We first log-linearize the optimal price- and wage-setting
decisions. We then proceed to derive a second-order log approximation of the welfare function of the
sticky price model. Finally, we solve the model, both if policy follows a simple rule and if monetary
policy is optimal.

In section 2, we outline the model. In section 3 and 4 we log-linearize the flexible and sticky price
models, respectively, in section 5 the log quadratic approximation of welfare is derived and in 6 the
model is solved. Finally, in section 7 the Erceg, Henderson & Levin (2000) model is described and

solved.

2 The Economic Environment

There is a competitive final goods sector with flexible prices and a monopolistically competitive inter-
mediate goods sector where producers set prices in staggered contracts as in Calvo (1983). Intermediate
goods producers set prices in staggered contracts as in Calvo (1983). In order to introduce complete
consumption insurance we rely on a representative family as in Merz (1995), that consists of a large
number of households. To each firm a household is attached. Thus, in contrast to Erceg et al. (2000),
firms do not perceive workers as atomistic. In each period, wages are renegotiated with a fixed prob-
ability. Thus, wages are staggered as in Calvo (1983) but, in contrast to Erceg et al. (2000), they are

determined in bargaining between a union and the firm and not unilaterally by the union.

2.1 Final goods firms

Since we assume complete insurance, using a representative family as in Merz (1995), households are
identical, except for leisure choices. It then simplifies the analysis to abstract away from the households
optimal choices for individual goods. We follow Erceg et al. (2000) and assume a competitive sector
selling a composite final good. The composite good is combined from individual or intermediate goods

in the same proportions that households would choose. The composite good is

o
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where o > 1 and Y; (f) is the intermediate good produced by intermediate goods firm f. The price

P, of one unit of the composite good is set equal to marginal cost
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2.2 Intermediate good firms

By standard arguments, the demand function for the generic good f from the final goods sector is

Y (f) = <7Tth(f)> B Yitk. (3)
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Intermediate goods firms produce according to the following constant returns production function

Vi (f) = AL (£)' 7, (4)

where Ay is the technology level, common to all firms, and L; (f) denote the firms labor input in period
t. Since firms choose employment unilaterally, L; (f) are chosen optimally, taking the wage Wy (f) as

given. Solving for labor choice in the cost minimization problem trivially gives,

nin = (") - (5)

The cost and marginal cost functions for firm f are then given by
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respectively. The marginal product is in real terms, ignoring the time period when the contract was

signed,
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where wy (f) = WtT(tf) is the real wage.! Furthermore, real costs is given by

et (1% () = (52) T, 0

2.3 Calvo price and wage determination with indexation

Firms are allowed to change prices in a given period with probability 1 — « and to renegotiate wages
with probability 1 — a,,. Any firm that renegotiates wages, is also allowed to change prices. The
probability that prices are unchanged is a,,«. This assumption simplifies our problem greatly, since it
eliminates any intertemporal interdependence in price-setting decisions for a given firm. We assume

that prices are indexed by the steady-state inflation rate, as in Yun (1996).

2.3.1 Prices

The producers choose prices to maximize
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Note that the term within the square brackets is just the firm’s profit in period ¢+ k, given that prices
were last reset in period ¢. The term Wy ;. captures households valuation of nominal profits in period
t + k. This will in general depend on time preferences ¥ and the marginal utility in period ¢t + k. The

first-order condition is

> o — ak
F=EY (0wa) Uy [ ! (1+7)7" P (f) - MPIL/V(f) Yy (f) = 0. (10)
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Note that the only difference between (10) and equation (8) in Erceg et al. (2000) is that the probability
of an unchanged price is ay,a.

To derive labor demand elasticity, first note that we have
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'Note that, from (6) and (7) it follows that
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For future reference, note that from (5) it follows that
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where it = GBS and thus, using (11) and (3) we have that,
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The wage elasticity of labor demand is given by
LW o »

LTOW (L (f) T 1-~
2.4 Households

The economy is populated by a representative family, consisting of a continuum of households indexed
by h on the unit interval. Moreover, each household is linked to a local labor market with a single
firm f. Thus, h = f. Each household, in turn, has a continuum of members where a fraction is
employed by the firm in the local labor market. Since the family pool income across members, the
households are homogeneous with respect to consumption and real money balances. The payoff of
having a household member at firm f working is, given the commuting cost j is

u(Ct, Q) +1 <]\P4tt) —v(H Z) =9 (j)

and unemployed is

u(Ct, Q) +1 (%) —v(0,Zy)

t

work. The expected life-time utility of the family in period ¢, is given by
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where 5 € (0,1) is the households discount factor and L (f) is the employment at firm f. Here, C; is

final goods consumption in period s, Aﬁ: is real money balances, where M, denotes money holdings,

and v (H€ Zs) and v (0, Zs) the disutility of being employed and unemployed, respectively. Also,
Qs and Z; are shocks to the utility of consumption and leisure, respectively. Moreover, there is a

distribution over the disutility of supplying labor, 1, for each household within the family (due to e.g.



the dislike and distance of commuting) where the household always allocates the household member
with the least cost to the labor market giving rise to the term ¥ (j).2
The budget constraint of the family is given by

Bt Mt Mt_l + Bt—l

B * P TG = B o 1
where LWL () L () 1 LT
Dt:(1+7w)/0 de+(1—/0Lt(f)df>b+B+B (18)

and where I; is the one period nominal interest rate, B; denotes one period bonds. Moreover, Wy (f)
denotes the households nominal wage and 7, is the tax rate (subsidy) on labor income. The family
owns an equal share of all firms and of the aggregate capital stock. Then, I'; is the family’s aliquot
share of profits and rental income. Also, T} denotes nominal lump sum transfers from the government.
Finally, note that 1 — fol Ly (f) df is equal to the unemployment rate and b is the real monetary payoff
to unemployed workers.

The value function corresponding to the family maximization problem is

. 1 Li(f)
7 (By1, My_1) = max Et{u(Ct,Qt)—i—l(AJ/;[;)—/O (/0 (v(He,Zt)—i—ﬁ(j))dj) df (19)
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subject to
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Defining

L(f)
V(L (h), Z) = (L (f)v (H Z) + (1= L (f)) v (0, Z4)) + </0 ﬁ(j)dJ) )

we can write

V(Bt_l,Mt_l)—maxEt{u(Ct,Qt)—l—l(Aét) _/01V<Lt (f))df+,6f/(Bt,Mt)}. (21)

2 An alternative interpretation is given in Cho & Cooley (1994). When unemployed, there is a household production
opportunity available for the household. There is a loss ¥ (j) when a household member j participates in the labor force
(or works a fraction Ls (h) of the total available days). Due to decreasing returns in home production this loss increases
in L, (h).



The Lagrangian is then

M, 1 -
L = E {U(CtaQt) +1 <Pt) _/0 V(L (f))df + BV (BtyMt)} (22)
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Using the envelope theorem to compute Vj3; and Vg and the first-order conditions with respect to Cy

and B; to derive the Euler equation, we arrive at the following expressions

M 1 1
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where
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is defined as the gross risk-free interest real rate.
For further use, let po and p; denote the (inverse of the) intertemporal elasticity of substitution

in consumption and labor supply, respectively. That is

ﬂccé

_ 26
Pc 'L_LC ) ( )
1 VoL
R (27)
PL VL

where T refers to the steady state value of the variable x.
The value of not being on strike for household 4 is in consumption terms, using (22), the value of

the Lagrange multiplier A\; in optimum and the budget constraint

V (L (h)) Wi (h)
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2.4.1 Wages

The value for the worker/union at firm f in period ¢ + k + j is given by, given that prices were last
changed in ¢t + k and wages in ¢ is denoted Uf+k tiktje Letting T;rk thkt denote per-period utility,

we can write

UC t+1
¢ t ;
Upp = T+ awBE: "

Uc,t+1
(aUfpi1+ (A=) Ul 441) + (1 — ) BEtWUfill,tHv (29)
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where

(D" Wi (f)
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In case the firm and workers renegotiate the wage, bargaining takes place according to the noncooper-
ative Rubinstein-Stahl model. In case there is disagreement, there is a conflict during the remainder of

the period, whereafter negotiations continue in the next period. The payoff in case there is a conflict

is then
UC t+1
Uot = Yo+ BE; i Uﬁil t+1s (31)
where
0,7 ;
TO’t:b_w_ (32)
UC t+k+j
Some algebra shows that
UC,t+k
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Now consider the firm. We have
UC t+1 UC t+1 1
Ftt,t = ¢€,t + awBE; (aFtt,t+1 +(1—-«a) Ftt+1,t+1) + (1 — aw) BE; e Ftti_l 10 (34)
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where per-period real profit in period ¢ 4+ k when prices last were changed in ¢ is denoted as
Py (f) 7
rapirny = L+7) ===V i (F) = te (Wesnrs (F)  Yihiins; (F)) - (35)
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A similar argument as above shows that
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Wages are determined in bargaining between the firm and the household attached to the firm.
Since there is equivalence between the standard non-cooperative approach in Rubinstein (1982) and

the Nash bargaining approach, we use the latter method. We let

Ste = Uiy —Usy (37)

t _ t
Gt,t - Ft,t - Fo,t-

To simplify notation, especially in section 4.4 below, we use gradient notation to indicate derivatives.
For example, the partial derivative of the above expressions with respect to the wage W are denoted,

Vw S} and Vi G} ;. The wage is then chosen such that is solves the following problem

max (51,)7 (G1)' 7 (39)

where ¢ denotes the bargaining power of households.
The first-order condition corresponding to (38) is

@Gi,tVWSf,t +(1—¢) Sf,thGi,t =0. (39)

Alternatively, we can write
t

Gt

SOVWSf,t + ( )

This is our counterpart to equation (16) in Erceg et al. (2000). Here

- k - UCt+k
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where, using (13), we have

N . L kgt () (14 70) @ W) . VL (Lf+k,t+k+j (f)aZt+k+j)
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Finally, Vi G}, can be written as
- UC 4k
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where we have used that the envelope theorem implies that all effects of a change in W (f) on prices
are eliminated.
2.5 Steady state

We now turn to the (non-stochastic) steady state of the model.> Note that the steady state of the
real variables is the same in the flexible price model and the sticky price model. In the steady state,
R, C, Y (f) and B are constant. Moreover, B = 0. Also, M and P grows with the rate 7, i.e., we

P _ = =
havefp—*tlzwandI:Rﬂ.

2.5.1 Real wages

At an efficient equilibrium real wages are

g
I
<
v
h
™~
=

and, by the resource constraint, we have

Y(f)=Y =C. (46)

3 That is, a situation where the disturbances Z;, Q; and A; are equal to their mean values at all dates.



2.5.2 Prices

In steady state, the first-order condition of the firm (10) for price setting becomes

o—1 w
W) == = 557 47)

where w is the steady state real wage. Since we assume that monetary policy is used only to stabilize
deviations from the flexible-price equilibrium, using (45) we require that 7 is determined such that

(1+7)t =1, e

T= —1= . (48)

2.5.3 Wages

Now, let us turn to the Nash bargaining solution in steady state. The first-order condition (39) then
is

e (GW () VwS W () + 1= ¢) (S () VwG (W (f)), (49)

where S (W (f)) etc., indicates that all variables except W (f) are at steady state levels, noting that
the steady state value of ¢, ;4 is ¢y = B*. Using (13), (42), (44) and that the real total cost is, using

me =1, ﬁ% =Y gives that,

T = L(1+Tw)w+(1—L)b—V(uL’Z),
c
¢ = (1+7Y ~tc=1+7)Y —(1—-17)Y, (50)
1, = - V0D
uc
Then expression (49) can be written as
¢(T+7)<5LWL(f)((1+Tw)w p— VL+L(1+7w)m> (51)

~(1-¢) (L((1+Tw)u7—b)— (V({Z,Z - VE_?(;Z))) (1-).

Note that, when computing V', we assume 9 (j) = j° and hence

E1+§
1+¢

L
/0 (0 () dj = (52)
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2.5.4 Taxes and subsidies

In the paper, we adjust the labor tax/subsidy 7, so that efficiency is achieved. From an efficient
consumption-leisure choice we have

Vi, = tiow. (53)

Solving for 1+ 7, from the first-order condition (51) gives

V(L,Z v(0,Z -
per (B 1)+ (- ) (44 550 - 0D o),
5

_ w tcwL dcwL —
s p(Lter) +(1-9) 125 o
2.5.5 Interest
From the Euler equation we get that
- ;jjr, (55)

or, in real terms, R = % and the nominal interest rate is then I = %

2.5.6 Equilibrium

We have the following equations that determine the real variables in equilibrium of the economy in

steady state. First, efficient consumption-labor choice implies that

Vi Y
—=(1-7)=. 56
Lo (56)
From efficiency on labor market we have
_ Yy
MPL:(l—’y)f:w. (57)

The reason why (51) does not enter in the two expressions above is that 7, is used to ensure that the

wage bargain leads to an efficient outcome. Second, from the definition of marginal cost

Since Z, ), A, v and T' are parameters of the problem, we have six equations and six unknowns.
Then, using C =Y in (56) and (57) with the production technology Y = A (I_/)l_7 gives the following

equation to determine L

Vi (L,2) =7c (A(D)'.Q) (A(LL)H (1- 7)) . (59)



(c-0)'

g — Ve have ug = (C’ — Q) “XC Moreover, we have

In terms of the function v =

) :_ﬂCC@:_—Xc(C—Q)_Xc_lé:X i
°T ac (C-Q) e

Qi
Qi
Il
Qi
|
5
Q

-Q 1%, (60)

Again, taxes are determined from (48) and (54).*

3 Log-linearizing the flexible price equilibrium

Now, let us log-linearize the model around the steady state. We first do this at the flexible price
and wage equilibrium. This is then used to derive the log-linearization for the sticky price and wage
equilibrium in terms of deviations from flexible-price variables. Here, we focus on a limiting cashless
economy.

Let X* denote the value of a variable in the flexible-price equilibrium.

3.1 Euler Equation

To find the Euler equation we use the definition (26) and log-linearize expression (24). We get

. m U 1 -
& + CQQQt (t+1+ CQQQM pCR:). (61)

3.2 Prices, real wages and output

Rewriting problem (9) when a = 0, we can find P} (f) by maximizing

max B (L+7) PF ()Y () = TC; (1) (62)

P (f) = (prf ))_U ¥y

W

Using that m =1, that MC} = WtL;v and that firms choose the same prices and face the

same wages in flexible price equilibrium gives

1%y W

P (f)=MC} = MPL; <— Pr

= MPL;. (63)

4When the model is calibrated, we do not directly use values for Xc and g, since we do not have empirical estimates
on these. Instead, we use values of p and p; together with the steady state value of L, as well as, values for some other
parameters of the model to solve for x. and <.

13



Log-linearizing gives, using the production function,
A% e A T %
wy =mpl, = Ay —vLj.
Also, log-linearizing the production function Y;* = AL} (f )177 gives
el (o A).
1
Then, combining (64) and (65) gives

A%
wt—

1 . .
A - Ty
L= L=y
We also have the resource constraint for market output Y,* = Cf or, in log-linearized form
Y =Cr.
3.3 Output and Productivity
Due to the tax scheme and flexible prices and wages we have

uc (Cgkat) MPL:; =VL (Lrazt)

in equilibrium.

Using that L; = (1 — ) %*L:, log-linearizing and using the resource constraint (67) gives

accCMPLY; + icoQMPLQ, + ac MPLmply, = Viz 22, + Vi L (Yt — mpl; ) .

Thus, we have now }Aft* expressed in terms of shocks and 77/1;[: . Defining

14
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(71)



3.4 'Wages

Recall that the wage is chosen to solve (38). Note that

G = ((L+7)Y —te(w, Y (), (72)

V(L Z, V (0, Z
gi::Lya+7mwp4v—ﬁw&g5%—UC&¢39)’

and, using (13), gives

L; Li Vi (L, %)
St = L1 1 w) Wy —epb) — A Rt 73
VW t,t Wt* (( +€L)( +T )wt EL ) ELWt* uC (C;,Q;k)’ ( )
te (wy,Yy)
vWGi,t = —7‘42* L7,
The first-order condition (39) can then be written as
* x Ccx * LI
90<(1+T)S/; _tc(wtvpt 7)/t )) W*
t
Vi@?%)>
X I4+er)(I4+Tw)wy —epb) —ep——~"F7~ 74
(e syt —et) - eu g o2 (74)

~a=0 (B -0 - (LT - o)) e ),

3.5 Interest

The relationship between nominal and real interest rates is derived from R; = Pﬁ - I;. We have, using

P,
that 7411 = Hl,

I — By = E/Ry. (75)

3.6 Shocks and real wages

Using (26), (27), (66), (69), (70) and that w} = 77/1171: to write W} in terms of shocks only gives

L ZWZA). (76)

1 1 . ~y N

vy = —uc (— — A +——— (7 — VA
Wy A*UC( pc+pr) 1—~ t+A*1—7 (UCQQQt - t
Since A* < 0, the coefficient in front of A; is positive. The coefficients in front of Q; and Z; depend
on the cross derivative of v and the sign of vz (He, Z) — vy (O, Z). If T is positive as in Erceg et al.

(2000), the coefficient in front of Q; and Z; are negative. Note that, in terms of the notation in the

15



main text, we have

1~ _ _

ag = ICER ’YUCQQ<07
1 Z

ay = _F%7VLZ<O (77)
1 _ 1

as = PUC(_pC+pL)1_7>O-

To simplify analysis we suppress the shocks Q:, Z; and A; and assume that wy follows an AR(1)
process

Wy = ni_y + et (78)

Note that there is no simple relationship between real wages and output, as can be seen by

inspecting (66). When we have shocks in Q; and Z; the relationship is simple with }A/t* = —IT'YQIJZ‘ In
case we have shocks in At we instead have
- 1. 1-—
V= A - — T, (79)
v 8
Consider shocks in A, only. We then get
. 1 _ 1
Wy = A* ( PC + pL) 1— ryAt) (80)
. 1—
Pc — PL

Since po > 0 we get a positive relationship between output and real wages.
Only productivity shocks leads to a positive relationship between real wages and output. Other
shocks lead to a negative relationship. The total effects of shocks on output is then unclear.

Assuming that all shocks have the same persistence 7, we get from (61), (65) and (67)

tcqQ Uc Q 1 .,
CF + = A 4 Qt E; (Ct+1 etk 4 Qt+1 — Ry > . (81)
tuccC Pc
Using (78) and assuming only productivity shocks gives
% 1- 14 ~ ok
Ry = —po (1 —n) — = (82)
Pc — PL
In general, we get
A 1- 1—pp » ZVig ~ 1 —pricoQ -
R =-— A (Pcl PL A+ pe "2 2, + I pL Q1) (83)
Pc—PLiy T 15 - ucw -7 uc
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4 Log-linearizing the sticky price equilibrium

Now, let us log-linearize the model with sticky prices. As above, we start by log-linearizing the Euler

equation.

4.1 Euler and the IS equation

Log-linearizing expression (24) gives,

A Ak A Ak 1 7 ~ %
Ct - Ct = Et <C’t+1 — Ct+1 i (It — Tt41 — Rt)) .
Pc
Solving for the interest rate gives
5 . R . L—pr
Iy = po (Btdiir — &) + Eyfrepr — po (1 —n) ————y,
Pc — PL
where
Ge=Y; - Yy

denotes the output gap.

4.2 Log-linearization of some real and nominal variables

(84)

(85)

Before we can proceed to log-linearize the price and wage setting decisions, we need to log-linearize

some other variables in the model.

4.2.1 Marginal product

To derive an expression for the marginal product, we first log-linearize the production function as

A~

Vi(f) = A+ (1= Le(f).
Log-linearizing expression (7) and aggregating over firms gives

77/1]7% = At - ’Yf/t,

(87)

(88)

where L, = [ L;(f)df and @t =/ n/u;lt (f)df is the aggregate real wage and marginal product,

respectively.
Using (87) in (88) gives

—

1 A N
mpl; = ﬁ (At - ’YYt) .
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To derive a relationship between T?L;lt and the (flexible price) real wage, we use expression (66)

and hence we get

mpl, = — 5 j i (90)

4.2.2 Marginal rate of substitution

The marginal rate of substitution is defined as

VL (Lt7 Zt)

M =
15 uc (Ct, Qt)

(91)

Log-linearizing and integrating over all firms/unions, using that we from expressions (56) and (57)

have M PL = MRS and that C’t = }Aft, gives

— - VU Aa | Viz 5
mrsy = —pr Ly + pcCy — fQQQt + —=Z7. (92)
(%, UCW
Subtracting flexible-price marginal rate of substitution gives
s, — s, = —pp (Lo—17) + pe (Vi = V7). (93)

Using the production function and integrating over all firms gives
Vi Y= (-7 (Lo L) (94)

Using mrs; = T@: =} and (94), expression (93) can be rewritten as,

__ ~ 1 .
mrs; = w; + <PC —PL 7) Ty (95)

4.2.3 Relative prices and goods demand

We define the firms relative prices and wages as

ni (f) = ; (96)
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and also

7k P, Tk
Xt,k = = )
Py Tig1c .o Tk
X, = W, 7
t, - T w w
Witk T Ty,

The real wage at firm f at time ¢ + k is

Wt _ W)zt

= Wi = e (f) X{ Wik

Pk Witk
4.2.4 Output, labor demand, costs and profits

Loglinearizing (87) we can write

Vi(f) = A+ (=) Le(f).
Consider the derivative of labor demand (13). Log-linearizing gives

Ok (f)
W) Lir (f)-

Log-linearizing goods demand, using (3) and (96), gives

k
Yipr (f) = —0 (th (f) - Zﬁm) + Viyn:
=1

Log-linearizing total costs (8), using a log-linearization of (96) and (98), we get

ik b
te <VV(f)7Yt+k (f)) = (ﬁt (f) - Zﬁﬁrl + ﬁ)t+k> 1o,

P,
t+k -1

1 k
0TS <€7t (f) - ZﬁtH) +
=1

v

To log-linearize labor demand, using goods demand (5) we have

K
. 1 1 .
i —_ () =S4 Vi —
ti+k (f) Ul_,y<%(f) IEZIWtH)Jrl_,Y tk
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Total costs can be rewritten, using (103) and goods demand, as

7+ .
tc (M/]%?k, Yiik (f)) = Ly (f) + <nt Zth) + Witk (104)

The log-linearized version of per period profits (35) is, using (101), (103) and (104),

k k
éqgt,wrk = (1+7)Y(1-o0) (ﬁt(f)—sztﬂ)+(1+T)Y?},+k—tc<— 7 (q}(f)—zfmrl)
=1
k
+1i,y <§>t+k‘ - AtJrk) + (ﬁt (f) — zz;ﬁ$+l> + ’lf)t+k> : (105)

Also, we have

1 OTC (T*W (), Yer (f) tC(%jfk,YM(f))

Vwo =— =— 106
S o (f) WP 10
We then get the log-linearized version of the derivative of per-period profits as
— k
“Vwoiirr = tetirk = T < Z t+l> + 77 <Yt+k - At+k) (107)
k
+ (ﬁt (f) = Zﬁ;jrl) + Witk
=1
4.2.5 Total demand and unemployment
The log-linear approximation of total demand is
Y, = C,. (108)
Using the production function gives, integrating over all firms,
Yy = A+ (1—7) L (109)
Thus, we get
G =A+ (1 —7) Ly — Yy (110)
and hence, using (80) and that unemployment is uy = 1 — L,
L . L 1 1-
=l = g+ 12Pe) ) (111)
1-L I1-L\1—-7n pPc — PL
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4.2.6 Real wage evolution

The real wage today can be written as a function of the previous period real wage as follows

W, YW,
t_ Tt i1 (112)
Pt TPy
Log-linearizing gives
Wy = Wy—1 + 7Y — Tg. (113)
4.3 Optimal Prices and the New Keynesian Phillips curve
The first-order condition for optimal price choices, i.e. expression (10), can be rewritten as
oo
B> (0wa)* Oryik (g (f) Xew — mer (F) Yerr (f) =0, (114)

k=0

where mc;, (f) is the real marginal cost. Log-linearizing around steady state, and using that ¥y =
P (ﬁﬁ)k (the value of the steady state path of W, given an initial price level P), that P; # 0 and

that the probability that wages not open for renegotiation in period ¢ + k is ay,o gives °

0="FE Y (awap)* (th (f) + X — My (f)) Y. (115)

Now, let us derive the aggregate supply equation (i.e., new Keynesian Phillips curve). Log-linearizing

Xy in (97) gives

0o l
(awa3) )
QX EX = -y, 116
kE:O w 5 t Xt = E 1—04w0¢5 tT 4] (116)

Note that the wage distribution of the firms that change prices is not the same as for the entire
population of firms. Let W denote the solution to problem (38). The average wage for those firms
that change prices is then

(1—a)ay
(I —a)ay+ (11—

W = o [ d s ot [ )

(1 —a)ay +

The entire wage distribution evolves according to

W = aw/ﬁWt_l (F)df + (1 —aw)/Wtodf. (118)

Note that ¥y 414 = ¥y ¢ x Pryk. Also, we have 9, ;) = Hle Yyts—1,045- Also, we normalize 9, , = 1 as in Woodford
(2003) page 68.
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Using (118) in (117), we get, in real terms

p_ Wi _ K
w, = A a)an+ (1 —an) (1 aMawf) . (119)

Log-linearizing (119), evaluating the real wage in t + k, and hence taking into account the effects of

inflation on the real wage through Xt,k gives

QX

_TWT AY X 120
1 —agat + Xtk (120)

uA)tp-‘rk? =W +
Deriving real marginal cost from the total cost expression in (6), (101) and log-linearizing gives

k
Mmep (f) =y, (f) + <_01 Z 5 <€7t (f) - Zﬁm) + %ﬁ‘i’k - 1:}/At+k> ) (121)
=1

where wf ok (f) is the log-linearized real wage for firms that change prices in ¢. Note that the average

marginal cost for firms that change prices is, using the above expression (121) and expression (120)

k
. . Oy, B . . - 1
MCtk = <wt + ﬁﬁf + Xt,k) + (—01 j <Qt (f) - ZWHZ) T j Yigr — 1_At+k) :
w g P g g oo
122

Expression (115) can be rewritten, aggregating over all firms that change prices and using (116)

1 R Y N [ 771C N
— 1 — — 7 a¥ 12
0 1—awaﬁ<Qt< +01_7> (wt—i—l_awaﬂt)) (123)
> 1 N " QL K .
~E > (0w ——— (Wi — Arir) = o (Cwh)” g

To write the expression above in terms of inflation, we need to express the relative prices ¢ (f) in
terms of inflation. To do this, we use the price evolution equation. Using that prices evolve according

to

1 1
1—0’_a . ZzP,_ l—0o — G 0 1-0o
P17 = o, / (FPr ()7 df + (1 — awa) / (B ()7 df, (124)

B _ 1
t Tt

gives, using —p
N\ 1l-0o
1 = aya (;) + (1 — apa) / (g (f)° df. (125)

We thus have that

Qg

@z/@UMW- Ty (126)

1 — oo

The first-order condition for price setting (115) can then be rewritten by using (126) in (123) in periods
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t and t + 1, respectively, together with the real wage identity (113),

0 = <awafrt <1+0 7 >—< Qud (ﬁf—BEtﬁé“H)))—(1—awaﬁ)wt (127)

1— oo 11—~ 1 —oayuo

(’Y?}—AO— 1+o-—" Qud BEift 1.
1—7v/1—aya

— (1 - ayap) Etl !

Using (126) gives the result. To eliminate Y; and A; from the above expression, we use (66) to get
Ve = Ay = vy — (1 =) . (128)

Then, defining

H:1—0411}04(1—0411,0&)7 (129)
Oy 1+0%

the first-order condition for price setting, or equivalently, the New Keynesian Phillips curve, is

. . 1 . . . . .
7t = BByt + 5 (Trf — BEﬂfH) + I (wy — wy) + ﬁﬂmt. (130)

1+0'§

The only difference with expression (T1.4) in Erceg et al. (2000) is the presence of the term involving
wage inflation. Using (90), we can rewrite (130) as
1 ~w ~w ~ i

5 (7Y — BE#y,,) +1 (wt - mplt) . (131)

1+0—ﬁ

7y = fEywi1 +

4.3.1 Relationship between relative prices and wages

To analyze wage setting, we need to relate the relative prices to relative wages for the price adjusting
firms (see the section 4.4 below on wage determination). Let us first look at the relationship between
relative prices and wages for firms that changed wages in ¢ and prices in t+ k. The first order condition
for price setting (10) is, where ¢! 1, is the log-linearized relative price in ¢+ £ for firms that renegotiated

their wages in ¢, and n! the relative wage for firms that renegotiated their wages last in period ¢

o
0="FE Y (awap)’ ((ihk + Xith kit = Meriktj (f)> Y, (132)
j=0

where, deriving marginal cost from the expression (8) for total costs, and using that

AW W () W Wiy
wirg (f) = = ;
Py Wi Witk Peyg

(133)
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we have

_ . PR Yo .
Meitkrj (f) = Weghrs + (”t + X?,)Hj) T (Q§+k + Xt+k,k+j) (134)
1 . Yoo
- <1_7At+k+j - 1_7Yt+k+j) : (135)

Using (66) gives

_ ) . PR Yoo 5
Mkt (f) = Wirktj — Wippqj + (nt + Xffkﬂ') 0T (Qf+k + Xt+k,k+j> (136)

b (137)

1

Rewriting the sums over X, . k+; and Xt 1, in expression (132) gives

oo [e.9]
A (a aﬁ
—Z(Ozwaﬁ)J EiXeihpry = Z _wa BEtWtJrkJrh (138)
=0 I=1 we
=2 (owaB) BiXi; = W(ZEWHWZ @ af) Emm)-
j=0 w I=1

Then, using the expression for me;1,+; (f) in the first-order condition (132), we have

o0
~ ~ j ~ Ak DA
0 = Giy <1 to7 j 'y) -t — (1 — awaB) Ey Z (awap)’ <wt+k+j — Wygpqj + Mwwkﬂ')
=0

- (1 +og 77> > (aweB) B + Z B, + Z awaB) Bt | - (139)

j=1 J=1

Leading one wage contract period ahead and combining gives

1 ~ ~ AW
— (A" — B — Ed) (140)

~t ~t+1
Qrr — Erq =
1 + O'm

For the analysis of wages below, we also want to derive a relationship between relative prices
in ¢ and in ¢t 4+ 1 for firms that last changed wages in period ¢. From using (139) when wages are
renegotiated at ¢ and prices at ¢t and ¢ + 1, respectively, we have

R R R 1 —apal) . 1 — o N R R
@ — awaB (Eidiy + Eftepr) = ( waf) Al + ( wof) <wt — Wy + I i :rt> ) (141)
(1+0)  (1+o1%) -
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4.4 Optimal Wages and the wage setting “Phillips” Curve

In this section we derive the wage setting “Phillips” curve from expression (39). Log-linearizing the

first-order condition (39) gives

L — 1 R qQ .
0 = @VWSVWS,{',t +(1-9) (GVWGSS& — 5 VwGGGZt> (142)
S o avact
+(1—9) 5VwGVth7t.

4.4.1 Firm G},

We have

tt = ¢¢tt + Ey Z OéwOé/B )" (&)i,t+k - <Ab§+1,t+k>

+aw Z (awaﬁ)k ¢ <¢t+1 14k &iii t+1+k) (143)
k=0

™~

<
I
o

et St
(awaB) ¢ <¢t+/€,t+k+j Prik t+k+j>

+E Y (0wB) (11— a)
k=2

where, using (105) and that (1+7) (1 —0)Y 4 % tc =0,

—at
¢¢tt = ten” + R{,’tt»
_~t N
¢¢t,t+k - ¢¢t+1,t+k = 0, (144)
—at Nan! — —.
OOt hpshj — PPrinirney = —te(n'—a"h) +icqfy
Define
. 1 . . .
Ant = m (nt — awﬁ (Etnt+l =+ Etﬂ';d_,'_l)) . (145)
Then, using (145), we have
GGt = —tcAnt + Rtt, (146)
where, using (66), we have
N 1
Rt =1+7)YY, —tc (wt + (Yt At> > (147)
’ -

In terms of differences with the flexible price equilibrium, we can write

_ 1 _
Rl} — Rl = <(1 +7)Y - tc> &y — te (wy — 0y) . (148)
) ) _7
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4.4.2 Firm Vy Gy,

To rewrite Vyy Gy ; note that

VG (<VuGh) = Vo (-Fuon) + B (0008 Twd (~Fwdne— (~Tudinens))
k=1

tauB Y (0uah) Tiwd (~Tworsseien) (149)
k=0
+E; Z (awﬁ)k l — Q) BZ awaf) ] Vweo ( V/V;biJrk,tJrkJrj) .
k=2 Jj=0

Subtracting a., SV GE; < VWGt+1 t+1> gives
VwG <_VWG§,1§ — awBE; < vWGt+1 t+1>)
_—— e _—— 1 _——t
= Vwo (~Vwdrs) + B Y (000 Vo (~Twpers = (- Tw o) ) (150)
k=1

+awfl Z (awaﬁ)km (_v/\w;—li—l—l—&-k - (‘mii,wuk))

e k o ie—= _——t —t+1
+E Z (awB)” (1 — ) (awaB)’ Vo (‘VW¢t+k,t+k+j - (_VW¢t+k,t+k+j)> :
k=2 7=0
From expression (107),
Twbr = ot (V- A) A
W®r = 1_7% 1—~ t t t
—— — 1 g ~t ~t ~
_VW¢t,t+k - (‘VW¢t+1,t+k) = - 1—~ (Qt - (Qt+1 + 7Tt+1)) ) (151)
_——t — t+1 g R R N ~ A~
VWi ktrhtj — (_VW¢t+k,t+k+j> - 1 ~ (q§+k: qiili) + (”t - (”tJrl + Wf-Fl)) :

Using a similar argument as above gives, using (140), (141) and (145)

=~ — = 1—0 )
VWG <_VWG§,t - CYwBEt <_ Gii% t+1>> = RtAﬂgf’t + VW(ﬁHTATLt, (152)
1—y
where
Aft w1 ( ) . a 1 N
R = —(V; - A e — . 153
t,t VW¢<1_7 t t ) + wy 1_714_0% Wy wt+1_7$t (153)
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In terms of deviations between the sticky and flexible price equilibria, we have

- 1 1 1-0
Ry — R =V ; by — @) | - 154
tt tt wo 1_71+0%$t+1+0%(wt wy) (154)

4.4.3 Unions S},

Let

_ V b
K = QIJL((1+Tw)—<I_LI;D+U_))>,
C

_ 1 1
KY = 1 w ol — K{o———«-—— |,
2 <( +Tw)w 101—71—#—01_77)
_ v b Vir -
K¢ = wlL ((1+5L)(1+Tw)—5L_L_—6L_—6L_LL_L), (155)
Uow w oW
wL 1 1 1
K} = 1+e)(14+7y)—0 K¥ ,
L L (s
1=y
TV V(0,2)
K¢ = [ _ 2. 156
5 <ﬂcL wcL ) ( )

Using expression (29) and (37), we have

ng,t =7 (Yi,t - Yo,t) + By Z (awaﬁ)k T (ﬁ,tﬂc - Y§+1,t+k)
k=1

b [ 5
tawB ) (awaB)" T (T§+1,t+1+k - Tiﬂ,ﬁuk) (157)
k=0
+E; Z (Oéwﬁ)kfl (o — aya) B Z (awaﬁ)j T (Y§+k,t+k+g‘ - Yf&illg,t—i-k—i-j) )
k=2 Jj=0

where, using (30),

kit _
. (. ) Vo
T ihernr; = (1+7Tw)@L (nt - ZW?H + wt+k+j) - L%ZZH-k-H (158)
=1
utt T V — = A _ A A
+Ki' Liyp i (f) + L (@) (UCCCCt+k+j + UCQQQt-i—k—i—j) :
c
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We have, using (140), (103) and (155)

+ (1+ Tw) WL (A" + )

: ’ 1- 1—
A ~ A (Vg Vz(0,2)\ -,
+Ky (ﬂCCCCt + fLCQQQt) v—L <_Z - Zg)) Z Zy,
uc uc
/e " | . .
T (Ti,tﬂc - T£+1,t+k> = —Ki“bffl Y (q;:5 - (qr€+1 + ”t+1)) ) (159)
AN ~ 1 R R o, .
T (tht+k:,t+k+j - Tiillc,t+k+j> - *K%Uﬁ (Grsr — qﬁl}:) + (L4 7y) wL (' =~ i) -
Then, using expressions (140), (141) (145), we have
S5, = KyA' + R}, (160)
where
y - (v %0.2))
Ry = K (Yt—At> +(+7y)wlwy —L| ————=|Z%Z (161)
' 1—7~ UC Uc
g

accC »  ucoQ - s s R
+K;;< G+ C_QQQt> ~ Ky —" <wt—wt +7xt>.

In terms of deviations between the sticky and flexible price equilibria, we have

dccCy, (162)

u,t u bk U 1
Rt,t - Rt,t - Kl 1

B+ (14 7o) WL (0 — 0f) + K¥

a

_Ku 1—y Ak Y A ’
o <wt We T

¢ . . . it
where R;;" denotes the flexible-price version of R} .
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4.4.4 Unions VWSf,t

Now consider
VS <VWSf,t - awﬁEtVWSfill,tH)

— >0 ot —t
= VTV Ty, + B (awaB) VT (VWTtM S +k) (163)
k=1

> -t 41
+a,B Y (awaB) Vi T (VWTt+1,t+1+k VT t+1+k)
k=0

[o.¢]

t+1

+FE; E (awf3) k 1 — aya) B E (awa) j Vw T (VWTt—f—k: t+k+j vWTt-i—k‘ t+k+J>
k=2 7=0

Log-linearizing expression (42), gives

1 A~ _E VLZ ~
— KUY} (f)—¢ L G s
W, (f) 3 Httk,t+k+j (f) L W, (f) o t+k+j

—t
VwIVw T hiir; =

= k+j
L
+(14ep) (1 +7y)@ (ﬁt =Y P+ wt+k+j> (164)

W, () 2
wlL VL uCcC N ECQQ A
C .
+er W, () i ( ag Gttt + Qt+k+j

Using expressions (103), (140) and (141), we can write

_— L .
VwTVWTm W, (f) (1 —i—EL) (1 —|—7’w) wn
1 1 Au,t
L g <—0 ) A
Wy (f) 11—
s S
Vi Y (VWTt,t—i-k: - VWTt+1,t+k> = < — (441 + 7Tt+1))> , (165
— /—1 ——t+1 ~
Vw Y (vWTt+k,t+k+j - VWTt+k,t+k+j) = < (G4r — qﬁk))
1+ en) gy (1) @ = (041 +52,1)).
where
Aut 1 U 1 A L
W= s (e A e g () o
wL Vi, <UCCC A ECQQ A > wL Vig 5.
+e — C + — — iZZ . ].66
"W (Hacw \ ae ' a @ W (f) acw”™ " (166)
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Then we can write, using (145),

S — 1 . u
s <VWSf,t - awﬁEtVWSttﬂ,tH) = WK}{AM + R, (167)
where
11 1 ~
Ry =I5 o K <w — W} + ——a ) : 168
bt bt 1=y Wi (f) 3(1+07127) t fl-ny ! (168)

In terms of differences between sticky and flexible price equilibria, we can write

1 1 L
Ry — Ry = KYy——i+ (1+e 1+ 7o) @ (b — W} 169
t,t t,t W, (f) 31_7t ( L)Wt(f)( ) w (1 ¢) ( )
wL Vi tccC o 1 1 ( . )
+e - Ky ; + :
"WeNacw ac T ToAWi() Plre \UT T T

where R2™™ denotes the flexible-price version of Roy"".

4.4.5 The Wage-Setting Curve

To find the wage setting equation, we first use (142) and subtract (142) in period ¢ + 1 multiplied by
ayy. Then, we subtract the corresponding flexible-price condition. Using (146), (148), (152), (154),
(160), (162), (167) and (169) gives

AR + Dydy + By (B — 0F) + OB AR + @I B8 + OFEy (g — W) 4) =0, (170)

where the coefficients are

_ 1 " _ Vwé ” E*
o, = gpiwt (f)K4 +(1—¢p) el (K2 + Gtc>
S{ - 1 1-o0
B =~ e () T8 Ry + 2).

30



wlL accé+ L 1 1
Wi (f)ucw uc — Wi(f) 31—7(1+gﬁ)

VwG 1 1 S _ 1
K —K¥for—=1{(1 Y —
< 11—’}’1—1—0’& 5pC G<( +T) 1

<I>x:§05L

ViwG 1 1 S _ J
1 U U
o = —a,B(1l—¢)—= <K +— — Kipc — = <(1+7’)Y— 1 tc)>7

and, using the definitions of K§ and K} in (155),

(I)n = (I)wa
(I)+1 — (1)""1
n w "

4.4.6 With efficient taxes

From section 2.5 we have, using efficient taxes (54), that (53) holds and (173)

G - < ! —|—'y>Y,
oc—1

1 Y
= 7 2\ =T) 53 1
V(L,Z v(0,Z
) _¢<g—€L+(1+EL)<UCwZ)_ quI‘?))
S = —wlL .

p(ter) +(1—¢) =

Using efficient taxes (54), we also get

(g +1)+1-9p) (V(E’Z) _ vz 1) (-9)

K' = wl — =, (174)
o (1) + (1 - o) 725
b b V(EZ) _V(0Z)\ (-0)
_ PEL (ﬁ + 1) + (1 o 90) <w + GcwL ucwL 1+1ia
Ky = wL )
p(lter) +(1-9) 175
1 1
—Klog—— 175
S g (175)
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and

. +€LpL 9
p(lter)+(1—g) =2

ol [ (1= (f%, +(1+e1) <V LI eL) g (1-0)

Ito I+10

(176)

Moreover, setting fc = (1 — ) Y in the coefficients in the wage setting equation, using (173), (174),
(176) and using 7 = -1 gives

o wZe L 1 (1) 1 wL
S AT R S B S s T 0B
b 1 V(L,Z) V(0,7 1-— 1-—
X|——eL vt _( -*)_ —( —*) Uw : va)’ (177)
1+ — ucwlL ucwlL 1+0E 1+ﬁ
oL
+l — _(1_— awf w

o _ wia 1 1 B L1y 1 (1-0) wL
R A0S R N I s T auB 1+ o Wi ()

V(L,Z) V(0,2 1 1 1 1
<[ (LD TED o))
uowlL ucwlL 1—714—0@ 1—71—1—0@

1 apB (1—0) wL
e = -0 )l—aw61+ﬁaWt(f)

y V(L,Z) V(0,2) 1 1 1 1
tcwL ucwlL l—yl+o7s ro l—yl+or )

R

=w_ — () and hence we can write
2, o,

. e . ol
The special case when ¢ = 1 is interesting. We get

P
A?A”&t—i-q)fx{fft—l—(’lf)t—’lf)?) =0.

n

(179)
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where .

1
P, PLIA T = ~ PC (180)
F b o 1 :
P, 1+5—ﬁ71+0ﬁpL

To express the wage setting equation in terms of wage inflation, we need to express relative wages in
terms of wage inflation. The wage evolution equation is, recalling that W (f) is the optimal wage for

firm f when renegotiating wages in period ¢

1 1
W = aw/ Wi (F)df + (1 aw)/ We (f) df. (181)
0 0
Using that Wﬁ/—;l = % gives
_ 1
1= opT— + (1 — ) /nt (f)df. (182)
T

Letting n' = [n! (f)df and log-linearizing gives

~1 Aoy AW
= . 1
" 1— oy, Tt (183)
Using expression (183) in (145) yields
ARt = O (e gRe ) = (3 — BE#%,). (184)
1—awfl—ay + 11 +
Hence, letting
1— oy
M = (1 - ayf) , (185)
w
we get
T — BEdE = —Qod — Qu (Wi — @) (186)
—Q (Biey — BE#Y, ) — U Eydey — Q5 By (W41 — 0741)
where

)

Q = qujz,
d

Qw = qu)iq::a

Qft = q:pil, (187)
o

ot = 1 @zn,

Qft = Hliil.
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5 Welfare

When computing welfare in this model, a second-order approximation in logs is used, resulting in
that we can relate welfare to the variance in relative prices and wages. Also, the output gap matters
because it distorts the economywide relationship between consumption and leisure. Before analyzing
welfare, we first compute second-order approximations of L; and Y;, the relationship between real
variation and price variation and finally persistence in price variability.

5.1 Quadratic approximation of L; and Y,

We first proceed by looking at a quadratic approximation of L; and Y;. Aggregate demand of labor

by firms is, where the integral is taken over firms

1
L= /0 L(f)df. (188)

Then a quadratic approximation is
A o 1 o
Ly = ByLy (f) + JvarsLe (f) + o (|i€]°) (189)

where o (||§ H3) describes terms of order 3 or higher. Using the definition of the composite good in

(1), we can similarly derive

lo—1

Ef?t(f):f/t—i

var; ¥ () + o (I1l1°) (190)

Now, let us express (189) in terms of aggregate variables and variances. Taking a second-order ap-

proximation of (4) gives

Byl (1) = 1 (E¥i () = A) + o (1el). (191)

Then, using (190) in (191) and expression (189) we get

b= o (B de) = g T oar Wi () + oo B (D +o (Je7) . (192)

5.2 Relationship between real and price variability

In this section, we relate price variability to variability in real variables, which, in turn, creates a link
between price dispersion and welfare. We start by computing var fﬁt (f) as a function of varff’t (f)

and var sy (f) . We also use that wy (f) = W*Tif) =ny (f)w; from (96). First, note that it follows that
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var sy (f) = vargng (f). Second, let us find varfi}t (f). Since

B =~ () + 7= (= 4) +o (1el?). (193)
we must have )
varyLy (f) = (1;) varsd (f) +o (Jigl) (194)

Note that, due to firm-specific labor, dispersion in L (f) depends directly on price dispersion, in

contrast to the model in Erceg et al. (2000). Note that (194) can be rewritten as, using that
var Gy () = vars P, (),

vars Ly (f) = (;‘7) vars B2 (1) + o (I€IF) (195)

and, taking a quadratic approximation of (3)
vars¥; () = o%vars Py (£) + o (I€]1°) (196)

5.3 Variance Persistence

Since prices and wages are not fully flexible, the variance of the price and wage distribution across
firms are persistent. We want to find the variance of the distributions today as function of previous
variances and inflation. To do this, let us express vary (log P; (f)) and vary (log Wy (f)) in terms
of squared inflation and wage inflation. Combining this with (195) and (196) we get a relationship
between real variability and inflation, which enables us to write welfare in terms of inflation and wage

inflation. Let P, = Eylog P, (f). We have
vary (log Py (f)) = Ef (log P, (f) — log 7@ — Pt,1)2 - (AP,;)Q , (197)

where

Aptzpt—logﬁ'—pt,l. (198)
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Let us rewrite AP, in terms of inflation. Since log P, = E tlog Py (f) = P, we can rewrite AP, as®
AP = +o (7). (199)
We also define
AWy =Wy —log® — Wi—q = (1 — o) (log Wy —log @ — Wy_1) . (200)

Similarly, let us rewrite AW; in terms of wage inflation. Note that we have log W; = W,." Then AW,

can be rewritten as

AW, =7+ o (J1€]?) (201)

We can write the variance in (197) as, using that when wages are changed, they are the same for

all firms, i.e., W? (f) = Wy for all f,

vary (log P; (f)) = awa By (log 7Py (f) —log@ — Pr1)® — (AB)? (202)
+ (1 — a) ayEy (log P? (Wi (f)) — log & — P,_1)?

+ (1 = aw) (log P (W) —log 7 — ]3,5,1)2 .

We now rewrite expression (202) in terms of lagged variance in prices, variance in wages and
inflation and wage inflation. To do this, we need to rewrite the third and fourth term in expression
(202). To rewrite the third term, let us express Ey (log P? (W (f)) — log & — Pt_l)Z in terms of AP
and AW,. We have

AP, = (1 — @) ay (Ef log PP (Wi (f)) — log7 — Pt_l) + (1 — aw) (Ef log P (W?) —log7 — Pt_l) .
(203)

5We have

log P, (f) — log @ — log Pi—1 (f)
1

= (D= P)togm (5 (Pea () = P)) o I6F) = P ()~ Togm = Prcs (1) + o (I€]P).

Using
P = / Pu(f)df + o (€]
0

and integrating over f gives
AP, =P, —P,_, — log®+ o (||£H2) .
Since P, = m¢Pi—1 we get
AP, =7+ o0 (|l€]%) .

"This follows from a similar argument as in the previous footnote.
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Note that, from (5) and (10) we can write the optimal price as
By (WA(f)) = eW (f)
where g only depend on aggregate variables. We thus can write
log B (W) = log P (W1 (f)) + (log Wy — log 7W: 1 (f)) -
Using that we have W; (f) = #W;_1 (f) for firms that do not change prices and since
By (log TW;—1 (f)) = log T + Wi
and using (200) we have
AP = AW = ((1 = a) ay + (1 = o)) (Ef log P (Wi (f)) —log@ — Ptfl) .
Also, we have

Ey (log PY (W (f)) — log 7 — Py1)”

= By (log P (W; (f)) — Eylog P? (W; (f)) + Eylog P? (Wi (f)) — log 7 — P1)°

= warylog P (Wi (f)) + (Eylog P? (Wi (f)) —log 7 — Pr1)”,

and, using (207) and (208) we get

(AP, — AW;)?

E; (logPtO (Wi (f)) —logm — Pt,1)2 =varyslog P (Wi (f)) +

(1= @) aw + (1 — aw)?

(204)

(205)

(206)

(207)

(208)

(209)

To rewrite the fourth term in (202), using that log P? (Wy) is the same for all firms that change

wages and the log-linearization of log P (Wy) (i.e. (205)) we can write

(log P (W¢) —log 7 — P,1)°

— Ej (log P? (W1 (f)) —log® — P,1)” + Ef (log Wy — log #W;_1 (f))?

+2E; (log P (7Wi—1 (f)) —log® — Pi_1) (log Wy —log aW;_1 (f)) + o0 <Hf”3> :

(210)

The three terms in expression (210) can be written as, using (208) and that we have Wy (f) = 7W;_1 (f)
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for firms that do not change wages,

Ef (log P (7Wi_1 (f)) — log® — Br_1)” (211)
1 = = \2
= waryslog PY (W, AP, — AW)™,
7log PY ( (f))+((1_a)aw+(1_aw))2( )

using (200),

Ef ((logW¢ —logaWy_1 (f)))* = <(1—1a)2 (AWt)2 +varylog Wiy (f)> (212)
and, using (200), (205) and (207),
E; (log PP (7Wi1 (f)) —logm — Pt—l) (log W7 —log @Wyi—1 (f)) (213)
= ! AP, — aw;) AW log W, s
= A=y + (1 —ay) AR AW - —varslog () +o(lel?)

Using expressions (211), (212) and (213) in (210) gives the fourth term in (202) as

1

0 5 AT 2
varylog P (W (f)) + (1= ) o + (1 a))? (AP, — AW)
+ <(1_1a)2 (AWt)2 +varylogWi_1 (f)> (214)

. ( (AP, — AW;) AW, 1

Let us now collect the arguments above to rewrite expression (202) in terms of lagged variance in
prices, variance in wages and inflation and wage inflation. The expression var s log P (W; (f)) involves

firms that do not change wages. From (204) we then have®

vary log ¢ (Wi (f)) = var; log Wi (f) = varylog Wit (f) +o (Jl¢]*) (215)

Then we have, using (209), (214) and (215) in (202),

vary (log P (f)) = awavary (log P—1(f)) + (1 — a) apvarylog Wi_y (f) (216)
Oy — 2 l—« - .9 3
+(1 — ) ay + (1 — ay) <a (AR)"+ 1—ay (aW) ) to (H§|| ) '

¥Noting that the variance vary log W, (f) is computed over firms that do not change wages, implying vary log W; (f) =
vary log Wi_1 (f).
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Using expressions (199) and (201) gives

vary (log P (f)) = awavary (log Pi—1 (f)) + (1 — a) awyvarylog Wi_y (f) (217)
Qi 11—«

e any (E T @R o el

For wages, we can write, using a similar method as in (197), and using (200) we have

vary (log Wy (f)) = ayvary (log Wiy (f)) + ; i‘w (AWt)Z ) (218)
Using expression (201) this gives
vary (1o W, (1) = ayvary (log Ween () + =22 (392 + o (J¢]). (219

5.4 Welfare

When analyzing the welfare in the model, we focus on the limiting cashless economy. The social

welfare function is then

> LS, (220)
t=0
where
1
SWt:u(C’t,Qt)—/O V(Lo (f). Z)) df. (221)

Taking a second-order approximation of u (Cy, Q) gives

w(Cy, Q) = u+ucC (C} + % <C’t>2) +agQ (Qt + % (Qt)2> + %ECCC’Q (C’t)Q (222)

+icgCQCQu+ Siga@ (@) +o (Jel®).

Let us take a second order approximation of V' (L; (f), Z;),using the standard variance decompo-

N\ 2 . N\ 2 . N2
sition Ey (Lt> =wvaryLs + (Eth) . Using (192) to eliminate E¢L; (f) and <Eth> gives

o 1 N A 1 1 -1 ~ 1 A
EfV (L (f) = ViL <1v (Yt - At) - iﬁa —ovar¥; (f) + varsLy (f)>

N 12 2N S (U
+ (VLL + VLLL2) B (1_7 (Yt — At>> + §VLLL2’U(ITth (f) (223)

(Vi - 4d) 220+ tip+ o (J€]°)

_ -1
—i—VLle

where tip denotes terms that are independent of policy. Since Z; is and aggregate (and thus common)
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disturbance we have Eth = Zt.g
Combining the second order approximations of u (Cy, Q¢) and E;V (Lt (f), Z;) from expressions
(222) and (223), gives welfare as, using Cy =Y, 10

1 _ _ N\ 2 N . 1 o—1 .
SWi = 5 (ucC +iiccC?) (Yt) + icgCQYQ: — 5~ <va7“th (f) = == T——vars¥i f))
T
L BPvar Ly (f) — (VoL + VipL2) & 1@>_A)2 (224)
5 i 2\ 1~ t t
1 N . 5
Visli— (Ve — 44) 22+ tip + o (JiIP)

We are interested in computing the difference between sticky and flexible-price welfare. Consider
welfare when prices are flexible. Note that there is no variance in the price and wage distribution
across firms, since all prices and wages are adjusted in every period. Let us analyze the difference
SW; — SW, i.e. the welfare difference,

1 = 1 A\ 2 A\ 2 1 - N
SWi—SW; = SucC (—pc o - 7) <(Yt> - (Yt) ) ~ SVeeLPvarsLe (/)

o WVigh s LAV .\ g
+ (100000, - V2L 75, (1 Lé)m (V- ¥7) (225)
1= (1-7)

L (=g T v () + ek (9) + i+ o (J€]°)

Let us eliminate the shock terms by using that flexible-price output fft* is a function of the distur-
bances in the model. Using expression (71) in expression (225) gives, where we use the definitions of

pc and that ac M PL =V,

SWi—SW; = —AC¥ (V- V) + A ((m)2 - (1@)2> - %VLLEQUarfI:t (f)

2

— = 1 1 o-1
-ViL[-—>——
L ( 21—~ o

var Vi (f) + %Wfﬁt (f)) +tip+o (Jlg*) . (226)

N2
Note that the first row on the right hand side can be rewritten as % (Yt — Y;*) . Using (77?), (195),

~\ 2 N a A 2 N ~ N ~ o N
Note that the terms (varfYt) , vargYzvare Ly (f), (varth (f)) , (Yt — At) varsY: and (Yt — At) varyL: (f) ap-

A\ 2
pearing in the (Eth) term vanishes since they are of order three or higher.

0The terms involving only the disturbances are independent of policy.
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(196) and (226), the total welfare difference is

By S B (SWi— SW) = E A;C >oa (V- Yt*)2 (227)
t=0 t=0
) > ZﬁtvarfPt (f)

_1 1 o-1
—Eotic (1-7)Y 5 (—U o + (

= ) ZﬁvarfPt (F)+tip-+o (Jl€l°).

L=y

Since there is a direct relationship between relative price and wage variability, as indicated by (204),
there is no unique solution for the objective. To highlight the differences between our model and the
model in Erceg et al. (2000) we rewrite our the model so that only the coefficient in front of wage

inflation parameter differs from the model in Erceg et al. (2000). We thus get

SW; — SW; = A;C (Yt—fft*)2
1 2
—tc (1 —7) Y§ (1 ’yvarfPt (f) + <1i7) var py (f)) (228)
7 T 2
~5t0 0= PEE (L0 wargan (1) +tip-+o (J61°).

This gives the same coefficient on the inflation variability term as in Erceg et al. (2000). Repeatedly

substituting (219) into itself (forwardly), using (199), starting at period 0 gives

t

vary (log Wi (1)) = (o) vary (log Woa (£)) + 75— oty G2+ o (1) (229)

Multiplying by 8¢ on both sides, using that var ¢ (logW_1 (f)) is independent of policy and summing

from period 0 to infinity gives !

Bo3_ vary (g Wi (1)) = 2% — b N (S

"'We use the following rearrangement of the double sum

t

oo oo oo
N 2
Z awﬁ (w) ZZ awf)’ (o) "% (727

t=0 s= s=0 t=s
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Now consider price variability again. Expression (217) can be rewritten as

vary (log P (f)) = awavary (log Pi—1(f)) + (1 — a) awyvarylog Wi (f) (231)
(1 —a)ay

e ~w\2
(1= aw) (1 —a)aw+ (1 —ay)) (@)”.

A2
Jr(1—04)ozw+(1—ozw) ()" +

Repeatedly substituting (231) into itself (forwardly), starting at period 0 and taking expectations at
period 0 gives

t—1
Egvarg (log P (f)) = Eo Y ()™ (1 — @) aw) vary (log Wi (f))
s=0
t t—s (1 — a) Qo o2
+Ey SZ:; (awa) (1= o) (1 —a)aw+ (I —ay)) (7)) (232)
+Ey SZ:; (ozwoz)t*s = aww+ o) (7?3)2 Ftip+o (H§||3> .

Multiplying by 8° on both sides and summing from period 0 to infinity gives 2

oo

EoZﬂtvarf (log P (f)) = BWEU Zﬁtvarf (log W, (f))
t=0 w =0
(1 _ Oé) A .- ~ w2
HT Bana) (1 aw) (A a)an § (1 aw) 027 () (239
Qg ° o ‘ ;
T el (- ayan Ty 2 (0 +ti o 1€l
Eo;ﬂtvarf (log Wi (f)) = 1 fu(;w 1 —1OéwﬁEO ;g (#9)? + tip + o (H§H3> . (234)

Now we are able to state welfare in terms of squared inflation, wage inflation and output gap.

From (227), (230) and (233) we get

oy B (SWy = SW) = Bo Y B'Le+tip+o (Jl¢]*). (235)
t=0

t=0

12We rewrite the double sum

I ngk:
=
0
g
£
I
gk
gk
=
A
2

)
I
gk
B
2
™
)
°
g
£
I
gk
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where

L =0, (2)° + 0y (7)) 4 0 (79)?, (236)
and, defining
1—
My = Cud (1 - ayap)
Qo X

1 g
6, = = (—pc+pL - —>7 (237)
-0 1-p 1
2 L
2
o < - + 1—’Y>>HW’ (238)

(Al ofl=0 1-pf 11
Oro = (uCC’ o < > + T HW—i—Hl . (239)

6 Policy

In this section, we solve the model, both if policy follows a simple rule and if monetary policy is

optimal.

6.1 A Simple Rule

We assume that the central bank follows the rule
Iy = prly1 + (1= pr) (Vofte + Yaite) - (240)

We could also introduce a monetary policy shock. However, here we are primarily interested in
technology shocks, since we will compare the outcome under a simple rule versus the outcome under
optimal policy.

We need to rewrite the shock process (78) and the system of constraints (113), (130), (186) (85)

on the form in Stderlind (1999). To do this, we define the auxiliary variables

Gy = Wy — (RY — #y) (241)
and
& = Qi (7Y — BEAY) + QU E + Q5 (b — 0)) (242)
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Also, using the policy rule (240) and Phillips curve (130) to rewrite the Euler equation gives

. Pr 3 (I—pp), . . 1—pr . 1
By = 11+ —= (V.7 +7.2¢) + (1 —1n) Wy — 4y
Pc pc " ! pc—rprL ' pcB
1 1 1 1 Qfl
+ ¢ + IT— ———— | (G + (7% — 7)) — O
L+ o5 po B! ' pcﬂ( l+o Q?il)( v (R = ) =)

1 v 1 Qi
+ I - L) 2 + 2.
pch (1—7 1+o5 Oft
Defining xy = (z14, x2¢) where

" /
3 A
Tt = (wt7wt7[t—l>a

Ty = (T4, 7,7, 80)

we can write

Eyxi = Axy + €,

where
eéz(gt 00000 0).
Defining
kS _ o1 Q!
1 7 Ot
L+o1= QO
Ol
S w
Re= g
L —pp L s
agy = (1—mn) - K7,
pc—pr  PoB
(1—pp) 1 g 1ot
agy = Yo I — +1,
pc T peB\1-7  1+ogQff
(1—py) 1 I s
ass = Vo — - Ky,
Pc pcB pcB
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the matrix A can be written as

aq41
K
B
Qft
IR
s
KQ

6.2 Optimal Policy

0 0 0 0 0
0 0 -1 1 0
Pr (1= p1) Ve (1= pr)Yr 0 0
pL Ky 1 1
pc G44 @45 pch ItorLs pe Q!
S O (O = S B ¢ KY 1 kP 11
0 -3 <1—7H TFo T Q#) R 3 [
Q! ot otlrof! 1
0 Q.18 ol SRR ol
+1
~-K5 0 o~ % Ky K5 — it

(248)

Again, we need to rewrite the shock process (78) and the system of constraints (113), (130), (186) and

the shock process on the form used in Séderlind (1999). The system of constraints is

Defining

and

~ %
pWy_1 + Et,

. rw oA
W1 + Ty — Ty,

BEf 1 + (7Y — BE#Y,) + T (i, — 0f) + ﬁn:ﬁt,

1+ aﬁ
BEGY,y — Qg — Quy (0 — )

— Qi (Bifsy — BEMY 2) — Qi Birgr — Qb By (1 — @ 1q) -

B ¥ A A AW AN
Ty = (wtawtaﬂ-taﬂ'tact)a

Uy = Tt

e;=<gt 0000 0)

and partitioning as in Soderlind (1999) gives

and defining

EtZL't+1 = Al’t + Bug + £t+17

K} = H—LQTU1
T 1+Uﬁ97—&l—1
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and

we have

&t

K%? = Qp — 1, — v
A ﬁQn ( v ) 9
P 0 0 0
0 1 -1 1
1 1 1 1
BK” _BK“ 3 (Kr+1) _BKW
et ~er, e~ (Dt Q)
0% Q=1 g% -1 g (@u—1) (-1
0
0
1
~ B D) o771 (Qx — 298, + ¥2Q, + A21IQ,, — Y11, — O"YQHQn)
1
pa, ke

—0- % (2 — 1)

Et.

o o o O

Given the definition of x; we can write @, U and R as
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0
0

v—1

(254)

B =B +0 B2, ’

1
Qn
1

isy)

Q,

(255)

(256)



7 The Erceg et al. (2000) model

Since the sticky price equilibrium is derived as in Erceg et al. (2000), we do not reproduce the deriva-

tions here. Condition (113) is identical in the two models. The conditions corresponding to (130) and

(186) are, with firm specific capital,

7y = PBEf + 1 (w — wf) + %Hﬂ?t,

N o E /- A~ B
ﬂ-f = BEtTr%u—i—l - Qw (wt - ’U);() + Qx I,

where IT and II; are defined as in (129) and (185), respectively, and

I
1—prow’

1
Qf = Qf(pe - :
T w(pC le_,)/)

QL =

w

With freely mobile capital, the Phillips curve is

7t = BEyti1 + My (W — Wf) + ﬁﬂwffft

and the wage setting curve is identical to (257).

7.0.1 The EHL model with families.

Labor demand for labor j by firm f is

ﬁk . —Ow
N () = (T ) N ()

where Nyii (f) is total labor demand by firm f and

Loglinearizing gives
k+j

Nf—i—k (faj) = —Ow (ﬁt - ZW;)+Z) + Nt—l—k (f)

=1
Wages are determined by
VSt =0
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where VS, is as in (41) with Vi Y} replaced by VWT§+k,t+k+j and

t+k+j
Nt () () Wi )
VY () = ep— 22 (14 7)1 g 263
W Lt k+j (4) L W () ( ) Prorsg (263)
t - . . ]
., (Nt-i-k—i-] (U )> VN ( by (J ),Zt) N Nerkﬂ (7) (14 7) AW, (])
Wi (4) UC, t4k+j Wi (f) Piikyj
where Nt kg (7) is the loglinearization of the employment variable
EL = —Ouw (264)
Loglinearizing gives
——t 1 N Vnz, .
TV T = ——Ky§ Nt - —=277 ;
ViwYVw Ty W, (f) ikt (4) — €L W, (f) e t+k-+j
N k+j
+(1+e€r) AG) (14 7w)w <ﬁt - ZW;JH + wt+k+j) (265)
1=1
wN ‘_/N ﬂccc_' A uc Q
+er W, () io® < 0 Cirkj + Qt+hs
Employment in a firm is
ow—1 1 " L\ qw=1l
N (D)5 = [ (¥ (1) 5 (266)
Loglinearizing gives
Nk (f / Nty (£,0) di (267)
The technology is
Y () = ANe ()77 Kaelf) (268)
and hence
Y (f) = A+ (1 —=y) N (f) (269)
Integrating over all firms gives
) 1 o
No=1— (Vi - 4) (270)

Integrating labor demand over firms

k+j k+j 1
Ny (G) = —ow (m _ Zn;‘;z) + Nk = —0u (m _ ;W;’H) 1 (Yt - At> (271)

=1
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Taxes are, using ¢ =1
b
L7 =7 ffm (w + 1> . (272)
and hence, using Viy = ticw and letting p; = —V’\‘i}]\\’] N
VS <VWS§¢ — awBENVwS/, +1> (273)
—t ° —  /——1 ——t+1
= YV IVn T+ auB Y (@B VT (VWTHHk - vwrm%)
k=0
where
L (/) @M W, (f)
Vi Yt R i v B 14 7,) 2 TtV
W Ltk t+k+j L W, (f) ( ) Pt+k+j
- Li+k,t+k+j (f) VL (L§+k,t+k+j (f) 7Zt+k+j> (274)
—€L
Wi (f) UC t+k+j
L§+k,t+k+j (f) (1+7) TEHIWL (f)
Wi (f) Y Pk
- (—=t —t+1 1 w < . - .
Vi T (VWTH—k - vWTt+k) = WK3 (Ntt+k () — N (J)) (275)
N = (5 ~ AW
(1t en) gy (L) @ C— (AT RE)
and
(Mik ) = NI () = —ow (2 = A1 = mi) (276)
Hence
Viw YV Y, = ——KYN!(j)+ ——¢ <+1>u_} T
w W L¢ Wt(f) 3 t(]) Wt(f) L T ( t)
wN VN ﬂccc_' A ECQQ A
teryy ) i < 70 Crtrrs + ?kaﬂ (277)
— [ — /\t—‘rl ]_ u N N w
+ L €l 1—1—E w(ﬁ’f— (ﬁtﬂ—i—fr“’ ))
We (f) @ .
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where

wlL -
——~E€LPL,
Wi (f)
wlL

b +1
Wi () (w FeLe L>'

Repeating a similar argument as in section 4.4 gives

_ [ — 7 1 .
VwS (vwsgt — awBENVwS, +1> = WK}{AM + R
where
Au,t Au,t* 1 U ]- A _ N7 b A Ak —
Ryy" — Ry = W0 K31_7xt+wNEL 5—1—1 (W — wy) + eLwN ——

We then get &/ = &1 = df! =0 and

_wh_ € (b+1+5 )
W, () L\ % LPL

wN 1
TAGN (le — pc)

th(f)wN oL (5) * 1)

and hence, in terms of the model above in (257), we have

® b
Mo =y,
n s tl+ewpr
1
P PLi— — P
—qu)i:—HlbLM—C.
n 6+1+€LPL

If b =0 as in Erceg et al. (2000), the expression can be simplified further to

7.1 Welfare

1
QF = m—
1—owpp
1
Pc —PL1=
0f - ¢ iy
1—owpr

= ‘_/N ﬂccc_'

(278)

(279)

(280)

(281)

(282)

(283)

When computing welfare in this model, a second-order approximation in logs is used, resulting in

that we can relate welfare to the variance in relative prices and wages. Also, the output gap matters

because it distorts the economywide relationship between consumption and leisure. Here, we compute
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the loss function parameters in a model with freely mobile labor. Derivations of coefficients with firm-
specific capital can be found in Gali (2008). Before analyzing welfare, we first compute second-order
approximations of L; and Y;, the relationship between real variation and price variation and finally

persistence in price variability.

7.2 Quadratic approximation of L; and Y;

We first proceed by looking at a quadratic approximation of L; and Y;. Aggregate demand of labor

by firms is, where the integral is taken over firms

L= 1w (251)
Then a quadratic approximation is
o= Bl (f) + %um«fﬁt (1) +o(lel) (285)
Using the definition of the composite good in (1), we can similarly derive

lo—1

EfYt(f):Yt—i

varsYi (f) +o (Jl¢]*) (286)

Now, let us express (285) in terms of aggregate variables and variances. Composite labor in Erceg

et al. (2000) is given by

Tw.

L= (/01 N, (5) 5 dj> - (287)

By a similar argument to (286), we get

N A lo, —1
BN G) = Lo 57
Ow

var; Ny () + o ([1€1°) - (288)
As in expression B.11 in Erceg et al. (2000), we have

Eg¥i(f) = Ac—vLo+ BgLi () + 0 (1)) (289)
and, noting that capital labor ratios are the same for all firms, we have

varsYi (£) = varg Ly () + o (JIg]*) (200)
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since there is no local variation in A;. Using (285), (286) and (290) gives

. 1 - - 1 1 -
Li=i— (Yt - At> Faga oyt () o (|\§\|3) . (291)
Then, using (291), (288) can be rewritten as
N P T . loy—1 o ;
Bl () = 1 (V= 4) + 5oy myvors¥i () = 5 ™ —van M) +o (Jll) . (292)

7.3 Relationship between real and price variability

Using a quadratic approximation of (3)

varyYi (f) = a®var By () + o (|1 (293)

and similarly for labor demand, derived from (287)
var; Ny (j) = ovarie (7) + o (J1€)°*) - (24)

7.4 Variance Persistence

Since prices and wages are not fully flexible, the variance of the price and wage distribution across
firms are persistent. We want to find the variance of the distributions today as function of previous
variances and inflation. To do this, let us express vary (log P; (f)) and var; (log W; (j)) in terms of
squared inflation and wage inflation. Combining this with (294) and (293) we get a relationship
between real variability and inflation, which enables us to write welfare in terms of inflation and wage

inflation. Let P, = Eflog P, (f). We have, using expression (199)
vary (log P; (f)) = Ef (log P, (f) — log & — Pt_1)2 — (Apt)Q . (295)
We can write the variance in (295) as

vary (log P, (f)) = cwarEy (10g 7Py (f) —logm — Pt,1)2 — (Apt)z (296)

+ (1 — aya) (logPtO —logm — Pt,1)2 .

We now rewrite expression (296) in terms of lagged variance in prices and inflation. To do this, we
need to rewrite the second and third term in expression (296) in terms of inflation. First, note that

we have

AP, = (1 — aya) (log P? —logm — Pt_l) ) (297)
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Then we have, using (199) and the expression above in (296)

Qg X

vary (log P; (f)) = cwwavary (log Pr_y (f)) + (70 + o (1IEII) - (298)

1 — oo

For wages, we can write, using a similar method as when deriving (298)

varj (log Wy (7)) = aywvar; (log Wi—1 (7)) + : i‘waw (7Y% 40 (||€||3) ) (299)

7.5 Welfare

When analyzing the welfare in the model, we focus on the limiting cashless economy. The social

welfare function is then

> s, (300)
=0

with SW; defined as
1
SWt =Uu (Ct, Qt) - / \%4 (Nt (]) s Zt) dj (301)
0

Taking a second-order approximation of u (Cy, @Q¢) is identical to our model; see expression (222).

Log-linearizing the second term in (301) gives, using the standard variance decomposition Ej <Nt) =

~ A\ 2 N ~ N N
var Ny (j)+ (Eth) and expression (292) for N;. Since Z; is aggregate we have E;Z; = Z; and hence'3

1 1 - loy,—1

: e var; N (j))
O (; (N 0+ (1) (- flt)2>> #Va 2+ 5 (4))

+1VNNN2 (vaert (J) + <1’Y>2 (f/t - At)Z) (302)

EjV(N.(j),Z) = VN <11 (V- 4) +

2 1-—
g N2 (Vim ) 2+ 5V 2 () +tip+ o (I6I)
Combining the log linearizations of u (C’t , Qt) and fO N¢(j), Z) dj from expressions (222) and

"Note that the terms (varff/t (]"))27 varyY; (f) var; Ny (), (vaert (]‘))27 (f/t—/lt) (Uarff/t (f)) and

. . . . 2
(Yt — At) (’Ua?”th (])) appearing in the (Eth (])) term vanish since they are of order 3 and higher.
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(302) gives welfare as

/1 a2 1 2
SW, = acC C’t+§(0t> + 5iiccC (ct) +acoCQC0; (303)
(V-4 11 5 . 1/ 1 \?/e 2
—VNN< 1_7 +§U(1_7)’L)a’l“fy% (f)‘i‘*wa(ITth (])+§ (1_> (Y%—At) )

1- - 1T N2 /e N2\ = o2 1 e a4
— VN2 (Um«th () + (M) (Yt - At) ) ~ VNN 2 (Yt - At) 7

Ftip + o (\|§||3) . (304)

We are interested in computing the difference between sticky and flexible price welfare. The

difference SW; — SW}* is, using that ucC (1 — ) = Vy N,

——» VNN+VyyN?. VnzNZ . A
i = (rea0Qds B A - ) (i)
L A L N v e o oo >\ 2 o) 2
+3 <uCC— <M> VN +accC? — Vyw N ) <<Yt> - (Yt) ) (305)
VN 1 - 1 & Vnn N2 &
— 3 <U - 'y)vanYt (f) + avar]Nt (])) - varj N (7)
Vtip+ o (\|g||3) . (306)

We can eliminate the shock terms by using that flexible price output f/t* can be written as a

function of shocks. As in our model, see expression (71), we can write

. = = A ZN _ . N - e
A OV = —a 2 Ungly— N A
CY; ucCQQ: + a7 VnzZy — 1 5 (Vv +VynN) T (307)
where -
_ _ N 1 1 y
N =tccC* — Vyy=—= — ==V . 308
ucc NNIPTT—~ 7L Y1-4 (308)
Using the expression above for A*CY;* in expression (305) for SW; — SW;* gives
AC (o 502 VynN2 .
SWi—SW = = (Yt _ Yt*) _ INNT var; Ny (5) (309)
_1 1 - 1 & )
—@NN§ <O_(1’y)varfYt (f)‘i_a’va/r]‘Nt (j)) +t1p+0<||£”3> .

Using (309), and (294) and (293), the total welfare difference is

vaert (j) = O'?UU(LT’le)t (7)
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00 — 0o 0o _ =
S g sw-swi) = S (1) =3 8 Y 2 v ) (310)

t=0 t=0 t=0

Repeatedly substituting expression (298) into itself (forwardly), starting at 0 gives

vary (log P4 () = (awe)™ vary (log Py (£) + 12— 3" (@) ™ ()" + o (I1°) . (311)
W =0

Multiplying by 8¢ on both sides and summing from 0 to infinity gives

S tuary (log P, (f)) = —2

t=0

GO G v o (lEf).  G12)
W =0

:1—awa1—a

The same can be done for var; (log W; (j)). We get

— t ) 1 - t o awn2 . 3
> Blvary (logWe (1)) = 1= g5 3 (8) ()7 + tip-+o (l) (313)
Using expressions (312) and (313) in (310) gives
S8 (sWi - SW;) = 'L+ tip+o (Ji€]) (314)
=0 t=0
where
Li = 0, (2)* + 0x (7)) + 05 (7%)2 (315)
and
o A*C B ucC y
0, = —raoCo—r (316)
O 2UC O-HW’
1 - 1
0, = —§UCC(1 —y)ow (1 — prow) o

With firm-specific capital, the loss function coefficients for the output gap and wage inflation are as

above, while the inflation coefficient is
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7.6 A Simple Rule

Similar arguments as in section 6.1 establishes that the Erceg et al. (2000) can be written as Eixiy1 =

Ax; + ¢; where

and

where

7.7 Optimal Policy

o

a41

Sl=!

@[

. /
I SPNCIN AoA AW
Ty = <'UJt,’Wt,It71,fL't,7Tt, Tt >

0 0 0
0 0 —1
pr (I=pp) 7. (L—pp)ve
II f,% a44 a4s
1 o1
0 3Tyl Bt
Eoo per joE
1— 11
(L-m) P,
pc—pL  pcB
1— 11
AL+ 1+ — I,
pc pcBl—7
L—pr 11r 11
pc " pcB pehB

(317)
0
1
! 318
L (318)
pc B
_ I
B
10nE 1
7wt s
(319)

To solve for optimal policy (with firm-specific capital), the central bank maximizes (314), subject to

A
Wi4q

BE7i1 + 11 (0 — f) +

N w a
Wi + Ty — Ty,

1—

LH@},
v

BE ey — Oy (W — 0F) + 2y,

P + €441

We follow the method in Séderlind (1999) to solve for optimal policy under commitment and discretion.

As above, we rewrite the system in terms of @, as defined in (241). We get

A%
Wit1

Wil

~ %
PWy + Et41,

wi + (T — ),

BETi41 + %Hit + I (& + (7] — 7)) —

BE iy — Qo (@ + (77 — ) — @})
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(324)

(325)

) — W), (326)
+ Q3. (327)



Defining

Tt = (ﬁ}f,?%t,ﬁt,frf)/, (328)

we have, in terms of the notation in Séderlind (1999),

p 0 0 0
0 1 -1 1
A= 1 1 1 1 (329)
s =3l B(H—I—l) —3lI
10E 10E 10E 1 (OE
_BQW BQ“’ _BQW B(Qw—kl)
and
0
B 0 330
=1, 4 (330)
BVy-1
10E
_BQx
where
1
I = Y1 -ap),
1- w
o= (1-auf)—2, (331)
or — I
Y 1—prow’
1
QFf = of —
w(pC pL1_7>
Also,
00 O 0
00 O 0
Q= , (332)
00 -6, 0
00 0 -6,
v=_(0000) (333)
and R = —0,.
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