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1 Introduction

In this paper the model in Carlsson and Westermark, 2006 is presented in detail. We describe the
agents and sectors of the economy and state the conditions for optimizing behavior. We then describe
how to compute the steady state of the model. Next, we proceed to loglinearize the flexible as well
as the sticky price model around the steady state. We first loglinearize the optimal price- and wage-
setting decisions, and then the wage flow equation. We then proceed to derive a second-order log
approximation of the welfare function of the sticky price model. Finally, we solve for the optimal
discretionary monetary policy.

In section 2, we outline the model. In section 3 and 4 we loglinearize the flexible and sticky price
models, respectively, and in section 5 the log quadratic approximation of welfare is derived. Finally,

in section 6 we solve for optimal policy.

2 The Economic Environment

There is a competitive final goods sector with flexible prices and a monopolistically competitive in-
termediate goods sector where producers set prices in staggered contracts as in Calvo, 1983. To each
firm a household is attached. Thus, in contrast to Erceg, Henderson and Levin, 2000, firms do not
perceive workers as atomistic. In each period, wages are renegotiated with a fixed probability. Thus,
wages are staggered as in Calvo, 1983 but, in contrast to Erceg et al., 2000, they are determined in

bargaining between the union and the firm and not unilaterally by the union.

2.1 Final goods firms

Since we assume complete contingent claims markets (except for leisure), households are identical,
except for leisure choices, it then simplifies the analysis to abstract away from the households optimal
choices for individual goods. We follow Erceg et al., 2000 and assume a competitive sector selling a
composite final good. The composite good is combined from individual or intermediate goods in the

same proportions that households would choose. The composite good is

o

Y;:[/Oln(fle]ﬁ, (1)



where 0 > 1 and Y; (f) is the intermediate good produced by intermediate goods firm f. The price

P, of one unit of the composite good is set equal to marginal cost

1
1—0o

1
P = P(f)todf . (2)
/

2.2 Intermediate good firms

By standard arguments, the demand function for the generic good f from the final goods sector is

Yirw (f) = (M) - Yitk. (3)

Py,

Intermediate goods firms produce according to the following constant returns production function

Yy (f) = Ay () Le ()7 (4)

where A; is the technology level, common to all firms, and K; (f) and L; (f) denote the firms capital
and labor input in period ¢, respectively. Since firms have the right to manage, K; (f) and L (f) are
chosen optimally, taking the rental cost of capital and the wage W; (f) as given. Moreover, as in e.g.
Erceg et al., 2000, the aggregate capital stock is fixed at K. Solving for capital and labor choices in

the cost minimization problem gives, letting I' =~ (1 — 7)7(177)

K (f) = ) gy, (o eyt (5)

Ay
Yi (f)

L (f) = (1_7)FTt(Wt(f))_7<Ptc)7‘

The cost and marginal cost functions for firm f are then given by

rem ()@ = i)y )
MC(Wi (1) % () = T (W(h)' (B,

respectively. The marginal product is in real terms, ignoring the time period when the contract was

MPL, (f) = (1 — ) A, (wt(f)>7<1;7>_7, (7)
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where wy (f) = ng(tf ) and pf = %: are the real wages and real capital prices, respectively.! Further-

more, real costs is given by

Yi (f)

A, (w D7) (8)

tc(wt (f)ap;;?}/t(f)) =T

2.3 Calvo price and wage determination with indexation

Firms are allowed to change prices in a given period with probability 1 — « and to renegotiate wages
with probability 1 — a,,. Any firm that renegotiates wages, is also allowed to change prices. The
probability that prices are unchanged is a,,«. This assumption simplifies our problem greatly, since it
eliminates any intertemporal interdependence in price-setting decisions for a given firm. We assume

that prices are indexed by the steady-state inflation rate, as in Yun, 1996.

2.3.1 Prices

The producers choose prices to maximize

g%EtZ(awa)k‘I’t,tJrk (L+7) 7P (f) Yoy (f) = TC (Wi (f), Y2 (f))| (9)
! k=0

s. b Yo (f) = <w>ayt+k-

Pk

Note that the term within the square brackets is just the firm’s profit in period ¢ + k, given that prices
were last reset in period ¢. The term W, ;. captures households valuation of nominal profits in period
t+ k. This will in general depend on time preferences ¥ and the marginal utility in period ¢ + k. The

first-order condition is

F=FE Z (awa)k Witk (1+47) 7P (f) —

k=0

[0—1 W (f)

Note that the only difference between (10) and equation (8) in Erceg et al., 2000 is that the probability
of an unchanged price is aya.

To derive labor demand elasticity, first note that we have

dP; (f) Fw P (f)
= — =(1-— 11
w (W -
'Note that, from (6) and (7) it follows that
_ Wi ()



For future reference, note that from (5) it follows that

OL(f)  L(f) v 1
ow(p) - w T aw vy -
where gVY[}t((J})) = gﬁg% gvl[j/tt((?) and thus, using (11) and (3) we have that
oL L)
The wage elasticity of labor demand is given by
0
= SV (o). (14)

OW (f) Lt (f)
2.4 Households

The economy is populated by a continuum of households, indexed on the unit interval, which each
supply labor to a single firm. The expected life-time utility of the household working at firm f in
period t, is given by?

St w1 (F) vz}, (15)

=t s

where period s utility is additively separable in three arguments, consumption u (Cs (f),Q@s), where
Cs(f) is final goods consumption, subject to a consumption shock s common to all households,
real money balances [ (MSTiﬂ>, where M; (f) denotes money holdings, and the disutility of working
v (Ls (f), Zs), where Lg (f) is the labor supply of the household f in period s, subject to a labor-supply
shock Zs; common to all households. Finally, 8 € (0, 1) is the households discount factor.

The budget constraint of the household is given by

dt+1.4 B (f) n M; (f)

M2 () +Bia (f) We(HL(f) Lo | Ti(f)
P P '

+C(f) = +(1+70) —H5——+5 +

1
P P T p - (19

The term 041+ represent the price vector of assets that pays one unit of currency in a particular state
of nature in the subsequent period while the corresponding elements in By (f) represent the quantity
of such claims bought by the household. Thus, B;_1 (f) denotes the realization of such claims bought
in the previous period. Moreover, Wy (f) denotes the households nominal wage and 7, is the tax
rate (subsidy) on labor income. Each household own an equal share of all firms and of the aggregate

capital stock. Then, I'; is the household’s aliquot share of profits and rental income. Finally, T} (f)

2Note that @, and Z, are held constant in the paper.



denotes nominal lump sum transfers from the government. We assume that there exists complete
contingent claims markets (except for leisure) and as well as an equal initial wealth across households.
Then households are homogeneous with respect to consumption and money holdings, i.e., we have
Cy (f) = Ct, and M (f) = M, for all t.

The value function corresponding to the consumer maximization problem is

M,
V (Bis, My_1) = max By {u (€@ +1 (7) o (L(f). Z0) + BV (B, Mt>} (17)
subject to
Ory14B: M,y M1+ B Wi(f)Le(f) | Ty | Ti(f)
’ -t < Al MAGAC Pl A S . ,
P, + P, +C; < 2 + (14 7y) 2 + 2 + P, (18)

Using the envelope theorem to compute Vs and Vp and the first-order conditions with respect to Cy

and B; to derive the Euler equation, we arrive at the following expressions

M 1 1
Ly <E> = Atft — BE; (uc (Ct1, Qr41) m) ; (19)
uc (Cp, Q) = BE (uc (Ciy1, Qi) Be) (20)
where
1 Py

R, = : 21
! Eibi114 Py (21)

is defined as the gross risk-free interest real rate and

1
I = 22
! Eidii1 (22)

is the corresponding nominal interest rate.
For further use, let po and p; denote the intertemporal elasticity of substitution in consumption

and labor supply, respectively. That is

ﬂccc

= 23
Pc e ) ( )
orrL
L = — ILL ) (24)
vL



where T refers to the steady state value of the variable z. Note that

and hence

il T

PL = —Xn

2.4.1 Wages

Wages are determined in bargaining between firms and households. Since there is equivalence between
the standard non-cooperative approach in Rubinstein, 1982 and the Nash bargaining approach, we use
the latter method. Let UL and U} denote the appropriate union and firm payoffs, respectively, and U,

the household outside option. The wage is then chosen such that is solves the following problem

t @ (rrt\1—e
max (U, — Uo)" (Up) (25)

where ¢ denotes the bargaining power of households.

To state household utility UL, we let

Tt,t+k =u (Ct+k, Qt+k) —-v (Lt,t+k (f) ) Zt+k) ) (26)

denote per-period utility where L; .y, (f) denotes labor demand in period t + k when prices last were
changed in period ¢t. That labor demand depends on the period when prices last were reset is clear,
since optimal prices vary over time due to different values of shocks, which in turn affect goods demand
and hence labor demand. For a comprehensive analysis of this, see expression (96) below. Household

utility U is

o0 [e.e] o0

k k j

Ul =E Y (waB)* Toin+ B Y (awB) (1= )Y (cwaBY Toprirrss- (27)
k=0 k=1 §=0

Here, we use superscript to denote the period when the wage contract is changed, in order to distinguish

it from the notation for price changes.

Let per-period real profit in period t 4+ k when prices last were changed in ¢ be denoted as

P (f) 7

Grprr W (f)) =1 +7) tlDtJrk Yiek (f) — te (wigr (f) s 05 s Yo () 5 (28)



where wy i (f) = ﬁ;zscf), the firm payoff U; is

U} =E; Z (Oéwa)k ¢t,t+k¢t,t+k (W (f) + E; Z (1-a Z Q) % t+k+y¢t+k t+k+j (W (f))-
k=0 k=1 j=0

(29)
To simplify notation, especially in section 4.4 below, we use gradient notation to indicate derivatives.

For example, the partial derivative of the above expression with respect to the wage W is denoted
VwUS. (30)
The first-order condition corresponding to (25) is
eUVwU. + (1 — ) (U, — Uy) ViwUf = 0. (31)

Alternatively, we can write

t

Ut - U,
OoVwUL + (1 — ) 2VwU} = 0. (32)

Ut

This is our counterpart to equation (16) in Erceg et al., 2000. Here

VwUL = Er Y (0waB) Ve Yopon + B> (awf) (1= )Y (waB) Vi Toprpinsss  (33)
k=0 k=1 j=0

where, using (13), we have

Tk Tk L
Vi lurn = w0 (Curn Qi) (1) (Tt - (4 g ) B Y
Lk (f)

+(v+o (=) vr (Ligrk () Zevk) W)

Finally, VWU]’Z can be written as

o0
VWUf = Et Z OéwOé T,ZJt Hkqubt t+k + Et Z aw 1 -« Z O[wOé '(/)t t+k+JVW¢t+k t+k+75>
k=0 k=1 7=0

(35)

where

te(we (f),pf, Ve (f))
W (f) ’

and where we have used that the envelope theorem implies that all effects of a change in W (f) on

—VW¢t,t+k =1-9) (36)

prices are eliminated.



2.5 Steady state

We now turn to the (non-stochastic) steady state of the model.> Note that the steady state of the
real variables is the same in the flexible price model and the sticky price model. In the steady state,
R, C, Y (f) and B are constant. Moreover, B = 0. Also, M and P grows with the rate 7, i.e., we

have PtTJ;l =7 and [ = R7.

2.5.1 Prices

In steady state, the firm first-order condition (10) for price setting becomes

c—1 w
1 —=:O, 37
7)==~ 371 (387)

where w is the steady state real wage. Since we assume that monetary policy is used only to stabilize
deviations from the flexible-price equilibrium, we require that 7 is determined such that (1 + 7) ”Tfl =
1, i.e.

T = —-1= . (38)

2.5.2 Wages

Real wages can be determined from the first-order condition for prices. From the choice of 7, we get
that

w= MPL, (39)

and, by the resource constraint, we have
Y()=7=C (40)

in the steady state.
Now, let us turn to the Nash bargaining solution in steady state. The first-order condition (31)

then is

eUr W (1) ViU (W () + (1 = ) (U (W (f)) = Us) Vi Uy (W (£)), (41)

where U, (W (f)) etc. indicates that all variables except W (f) are at steady state levels, noting that

the steady state value of ¢, ;. is ¥y, = B*. Using (13), (34), (36) and that the real total cost is, using

3 That is, a situation where the disturbances Z;, Q; and A, are equal to their mean values at all dates.



mc =1, tc =Y gives that

T = w(C.Q)-v(L,Z)=u—u, (42)
6 = (1+7)Y ~Tc=1Y,
and letting
Ty = (C— bk, Q) —v(0,2), (43)

expression (41) can be written as
prY g (L+7u) (L—0)w (=) + oL (y+o(l =] L-(1—¢) (a-0-T,)(1-7)Y =0. (44)

2.5.3 Taxes and subsidies

We also need to adjust either the labor tax/subsidy 7., or the outside option U, so that efficiency
is achieved. When the labor tax is used we get using (44), using (38) that we from an efficient
consumption choice have ¢ M PL = vy, implying 97 L = icC (1 — ) and that the labor cost share is

(1 —~) that

Ty =

1 <a—11—¢

T (St a-r-T) e e-) -1 (15)

Note that 7., increases in the bargaining power ¢ of workers. When taxes and the outside option are

chosen to ensure efficiency, we can write

1 o—11-¢

_ _ Y €L
— —v—T,) + . 4
14+er ucY © ( v O) < 6)

1474 =

IS

In general, taxes can be written
€L

1 = .
+ Tw §w+1+EL

(47)

The analysis below when the wage setting “Phillips” curve in section 4.4 can be easily modified to
handle the case when inefficiencies are allowed. In particular, the wage setting “Phillips” curve depend

on the same variables as in section 4.4 with different constants in expression (191).

2.5.4 Interest

From the Euler equation we get that

1

@[~

or, in real terms, R = % and the nominal interest rate is then I =

sl

10



2.5.5 Equilibrium

We have the following equations that determine the real variables in equilibrium of the economy in

steady state. First, efficient consumption labor choice implies that
o (L.Z) L =ac (C,Q) C(1—7). (49)
Note that this can be rewritten as v, = tcw, using that from efficiency on labor market we have

MPL = (1-7)= = w. (50)

)

The reason why (44) does not enter in the two expressions above is that 7, and/or U, is used to
ensure that the wage bargain leads to an efficient outcome. Second, from goods market efficiency we
have

(@) 77 () = 1. (51)

Third, optimal capital choice gives
_ Y o e
K =Ty— (@) ()" (52)

Since Z, Q, A, K, ~ and T are parameters of the problem, we have six equations and six unknowns.

The problem can be simplified by first, combining the second and third equation to get

(53)

[
2
=<

Then, using C' = Y in (49) and (50) with the expression above in (51) gives the following equation

system

ac (Y,Q)Y (1—), (54)
1 AN A
1 = T'=((1—-7)= —
consisting of the two unknowns L and Y. We determine L by using the first expression together with

the definition of the marginal product (50) and the technology (4)

oL, (L, Z)
uc (AKVL'77,Q)

— (1—4)AKVL . (55)

Again, taxes are determined from (38) and (45).

11



3 Loglinearizing the flexible price equilibrium

Now, let us log-linearize the model around the steady state. We first do this at the flexible price
and wage equilibrium. This is then used to derive the log-linearization for the sticky price and wage
equilibrium in terms of deviations from flexible-price variables. Here, we focus on a limiting cashless
economy.

Let X* denote the value of a variable in the flexible-price equilibrium.

3.1 Euler Equation

To find the Euler equation we use the definition (23) and log-linearize expression (20). We get

Cr + _CQQQt E; <Ct+1 + — 1oQ CgQt+1 — %Rt> (56)

3.2 Prices, real wages and output

Rewriting problem (9) when « = 0, we can find P} (f) by maximizing

maxc E, ((1+7) B} ()Y () = MG/ () (57)

N ))U vy

Using that m =1, that MC} = %, and that firms choose the same prices and face the
t

same wages in flexible price equilibrium gives

Wi — Wt

P =MC} = = MPL;. 58
Log-linearizing gives, using the production function
i = mply, = A —~Lj. (59)

Also, log-linearizing the production function Y;* = A; K7L} ( f)lfv gives

Then, combining (59) and (60) gives

12



3.3 Output and Productivity

Due to the tax scheme and flexible prices and wages we have
c (Cf, Q) MPL}; = vy, (L}, Zy), (62)

in equilibrium.

Using that Ly = (1 — ) %Dl—:, log-linearizing and using that Y;* = C? gives

A (I1—7)Y*_ ) . .
Cr— — Y, = - + Z 63
(UCC =7 oL | Yy uoQRQt TP L'ULZ ; (63)
L (o (=Y
[ — E——— l
MPL (UL UL )mp t
Thus, we have now Yt* expressed in terms of shocks and 77/7,;[: .
3.4 'Wages
Recall that the wage is chosen to solve (25). Using that
Uj‘ = ((1+T)n*_tc(wt7pt 7Y% (f)))a (64)
U = u(C,Q)) —v(Li,Z),
together with (13) gives
v s LT oL} N oL;
VUl = e (61.QD 5 (L Wit ) - o 1d, 20 Gt (65)
1 te (wy, pf*, Y¥)
Lt (1— #.
vWUf Py ( ) Wy
The first-order condition (31) can then be written as
e((L+7) Y —te(wf,pi™, Yy"))
X (uc (CF,Q7) 1+ 1) wy (L+er) L} —epvr (Ly, Zy) LY) (66)

—(1—<p)(u(C’f,Q}f)—v(Lf,Zt)—To)( ")/)tc(wt,pt,Y;)

3.5 Interest

The relationship between nominal and real interest rates is derived from R; = —'—It We have, using

P
that my11 = Hl

I — Evty1 = BiRy. (67)

13



3.6 Shocks and real wages

To derive an expression that relates real wages to shocks, we first define the constant A* as

¥ _ o 1 gl
A :UC<—P0+PL1_,V_G>‘ (68)

Using (61), (63), (23), (24) and that w;} = 77/117[: to write W} in terms of shocks only gives

- 1 (uc(=pc+rL) ; Y (- AA Z _
j— A — Z .
if = g (M 2 (0000 - pri (69)

Since A* < 0 and —po +pr, < 0, the coefficient in front of Ay is positive. The coefficients in front of Q;
and Z; depend on the cross derivatives of u and v. If % is positive and vz is negative as in Erceg
et al., 2000, the coefficient in front of Qt and Z; are negative. Note that, in terms of the notation in

the main text, we have

1 v ~
— —_— U O
aQ 1o VUCQQ <0,
1 7 Z
aQy = —Fmﬁvllz < O, (70)
1 ug (=pc+p1)
a4 Ax 11—~ ’

To simplify analysis we suppress the shocks Q:, Z; and A, and assume that wy follows an AR(1)
process

7 = i + . (71)
4 Loglinearizing the sticky price equilibrium

Now, let us loglinearize the model with sticky prices. As above, we start by loglinearizing the Euler

equation.

4.1 Euler and the IS equation

Log-linearizing expression (20) gives, using that C, =Y; and C’;‘ = Yt*

O Or % O Or % 1 ? N D%
Y. Y =E <Yt+1—Yt+1——<It—7rt+1—Rt>>- (72)
Pc
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4.2 Loglinearization of some real and nominal variables

Before we can proceed to loglinearize the price and wage setting decisions, we need to loglinearize

some other variables in the model.

4.2.1 Marginal product

To derive an expression for the marginal product, we first loglinearize the production function as

Yi(f) = A+ (=) L (f) +7K (f)- (73)
Loglinearizing expression (7) and aggregating over firms gives
W/”L;lt = Ay + iy — VD5 (74)

where wy = [y (f)df and 77/7,;[,5 =/ @t (f)df is the aggregate real wage and marginal product,
respectively.
Let us solve for the relative price of labor and capital. Note that capital is flexible and that all

firms face the same price of capital. From above, all firms choose K} (f) as described by (5)

Ko (1) ) =7 o . (1)

Log-linearizing the above expression and integrating over all firms gives

iy — S = ﬁ (4 -7). (76)

Using (76) in (74) gives

— 1 . .
mply = ﬁ (At - ’YYt> . (77)
To derive a relationship between @t and the (flexible price) real wage, we use expression (61)

and hence, letting the output gap be denoted as

B =Y, - Y, (78)
we get
mpl, = o — —— ;. (79)
t 7 —

15



4.2.2 Marginal rate of substitution

The marginal rate of substitution is defined as

v (Le(f) Ze)

MRS = uc (C'u Qt)

(80)

Loglinearizing and integrating over all firms/unions, using that we from expressions (49) and (50) have

MPL = MRS and that C; =Y}, gives

o 1 _ N 1 _ ~ A 1 vpr - N 1 vz =~
¢ o, looCh — — cQRQ¢ P e Lo ¢ (f) IPL 55 22 (81)
Using that Y; (f) = ﬁMPLt (f) Lt (f) and loglinearizing gives
E¢Li (f) =Y; — Epmpl, (f), (82)
where E; denotes the expectation taken over all firms. Letting
A= uoe (C*Q) O — =2y (1,2), (53)
MPL
mrs; can be rewritten as
o 1 - 1 _ ~ A 1 v — 1 vz =~
t . t - CQQQt MPL i f pt(f) MPL G t

Subtracting flexible-price marginal rate of substitution and using that ucM PL = vy, from (49) gives
— —— % 1 O Or % g T 5 e
mrs; — mrs; = ——A (Y} -Y; ) Uiy (Efmplt (f)— mplt> (84)
uc VL

Using expression (79), mrs; = T?L;l: = w; (from our use of 7, 7, and U,) and that, using (83), we

have ~
1 vLL Y uccC*  vrp - 1 1
Sy W 17— ) P , 85
e e e R R (%)
expression (84) can be rewritten as
__ ok 1 N
mrs; = w; + | po — PLT 5 Tt (86)
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4.2.3 Relative prices and goods demand

We define the firms relative prices and wages as

P (f
qt (f) = tf()t )7
W (f
min) = S (87)
W (f
w(p = S,
and also
—kP —k
Xyp = H=—————, (38)
t+k T4l " - Ttk
o _ TW 7k
bk Wik T Wfﬂc'
The real wage at firm f at time ¢t + & is
W (fH)7k W (f)z*
N _ W) Wik =t (f) X{ Wik (89)

Pk Witk
4.2.4 Output, labor demand, costs and profits

We first want to find a relationship between output and the prices of capital and labor, respectively.
To eliminate the stock of capital from (73), we use that the ratio of the two expressions in (5) can be

written as

~ N

Ky (f) = Le (f) = pf + e (f) - (90)
Then we can rewrite (73) as

A

Yi(f) = A+ Lo () + (e (f) = 5) (91)

Consider the derivative of labor demand (13). Loglinearizing gives

—

OL¢ 11 (f) 3
W = Lygvk (f) - (92)

Loglinearizing goods demand using (3) and (87) gives

k
Vi (f) =—0 (@t (f) - ZfrtH) + Yirk (93)
=1
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Loglinearizing total costs (8), using a loglinearization of (87) and (89), we get

—k k ~
7 <%,p§+k, Yiik (f)) = (1-7) (ﬁt (f) — Zfrﬁrl + wt+k> — Appk + 05 (94)

=1

k
-0 (C]t (f) — Zﬁtﬂ) + Yigk.

To loglinearize labor demand, we use goods demand (5). Inserting real prices in (5) gives

K
Ligin (f) = —0 ( Zﬂtﬂ) + Yok — Apgr — ( (f) =D 7+ @Hk) + e (95)

=1 =1

Rewriting I:t’Hk (f) in terms of relative prices and wages only, using (76), gives

k k
Ligk (f) = ( Z > + —’Y <Yt+k - At+k:> (nt Z 7Tt+l) (96)

Total costs can be rewritten, using (95) and goods demand, as

—~ Tk 2 i
e (%,Pﬁrk’ Yigk (f)) = Lk (f) + (ﬁt GEDY frﬁrl) + Dk (97)

=1

The loglinearized version of per period profits (28) is, using (93), (97), (96) and, that marginal
cost being equal to one together with c =Y

qgﬁgt,wk = (1+7)Y(1-0) <Qt Zﬁt+l> 1+7')YYA;5+I<:

k
-y <—U (ﬁt (f) = Z t+l> + ﬁ <Yt+k — Ay
1=1

S——
=
|
/N
g
=
|
-
>
tE
N——
+
S
+
o
N————

Also, we have

L oTC (W () Vi (0) _ e e Ve ()

\V4720) =— 99
SR P oW (f) W (f) %9)
We then get the loglinearized version of the derivative of per-period profits as
_ b 1
~Vworip = —0 (@t (f) — ;frtH) + T (Yt+k - At+k> (100)

k
+ (1 - ’7) (ﬁt (f) - Zﬁ-{ﬁrl) + wt+k-
=1
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4.2.5 Utility

Loglinearizing per period union utility (26) gives

YYt ik = Qllgyr, — Vg, (101)
where
Uiy = UcCChyp + UQQQwk, (102)
00 = LLLigik (f) + 022 Zys.

4.2.6 Total demand

The log-linear approximation of total demand is
Y; = C. (103)

4.3 Optimal Prices and the New Keynesian Phillips curve

The first-order condition for optimal price choices, i.e. expression (10), can be rewritten as

oo

Ly E (OéwOé)k \I’t,t+k (Qt (f) Xt,k — MCt1k (f)) Yiik (f) =0, (104)

k=0
where mcy i, (f) is the real marginal cost. Loglinearizing around steady state, and using that W, =
P, (ﬁﬁ)k (the value of the steady state path of Wy, given an initial price level P;), that P, # 0 and

that the probability that wages not open for renegotiation in period ¢ + k is ay,o gives®

0=E Y (awa)* (@ (f) + Kox = mers (1) V- (105)

k=0
Now, let us derive the aggregate supply equation (i.e., new Keynesian Phillips curve). Loglinearizing
Xi in (88) gives
> > > (awaﬁ)l
= (owaB) B Xy =Y~ By, (106)

k=0 o 1 awal
Note that the wage distribution of the firms that change prices is not the same as for the entire

population of firms. Let Wy denote the solution to problem (25). The average wage for those firms

‘Note that ¢k = b, 4, Prys. Also, we have ¢, , = H]::1 Yiro 1445 Also, we normalize ¥, , = 1 as in
Woodford, 2003 page 68.
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that change prices is then

p__ (-a)oy / J (1= / °d 1
Wt (1—Q)C¥w+(1—aw) 7"-VVt—l(f) f+(1—04)01w+ Wt f ( 07)
The entire wage distribution evolves according to
Wi = au, / FWir (F)df + (1 — ) / Wodf. (108)
Using (108) in (107), we get, in real terms
p_ Wi _ K
wy = A a)awt (=0 (1 awaﬂ%)) . (109)

Loglinearizing (109) gives, evaluating the real wage in t + k, and hence taking into account the effects

of inflation on the real wage through Xt,k

Qg X

LI (110)
w

wf+k = Wi+
Deriving real marginal cost from the total cost expression in (8) and loglinearizing gives

mep, (f) = (L= )@y, (f) +P5r — Agir, (111)

where @ ‘1, (f) is the loglinearized real wage for firms that change prices in t. Note that the average
marginal cost for firms that change prices is, using the above expression (111) and expression (110)

QX

Mgy, = — A+ (1-7) <u7t 1 aa
w

ﬁ+&0+wm, (112)

Expression (10) can be rewritten, aggregating over all firms that change prices and using (106)

1 . . Oty Ac A
0 = m <qt — (1 — "}/) <'wt + m )) Eq Z Oszéﬁ <7pt+k - At+k> (113)

awa R
E .
VZ 1— aya ﬁ tTt+k

To write the expression above in terms of inflation, we need to express the relative prices ¢ (f) in
terms of inflation. To do this, we use the price evolution equation. Using that prices evolve according

to

1 1
P, :awa/o TP (f)df+(1—awa)/0 P?(f)df, (114)
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: : P11
gives, using —

Tt

1= apa (i>10 + (1= ana) / (¢t ()7 df. (115)

Tt

We thus have that
«o

i = / G () df = 2% 4, (116)

1 — oo
The first-order condition for price setting (105) can then be rewritten by using (116) in (113) in

periods ¢ and ¢ + 1, respectively, together with the real wage identity w1 = W + Ty 1 — Teq1

QX

0 = ———m—(1-9) (wt+

Qv

1 — oo 1 — aypo

1 R . 1 N
—aaf3 <mEﬂrt+1 -(1-7) <wt + m”‘ﬁrl)) :
w w

To eliminate capital prices from the above expression, we use (76) and (61) to get

#) - (-aued) (i-4)

VB = Av = iy + T — . (118)
Then, defining
1 — oo
N=——(1- 119
2% (11— ). (119)

the first-order condition for price setting, or equivalently, the New Keynesian Phillips curve, is

v

Tt = BEi1 4+ (1 =) (77 — BE#y, ) + 11 (i — @F) + T . (120)

The only difference with expression (T1.4) in Erceg et al., 2000 is the presence of the term involving

wage inflation. Using (79) we can rewrite (120) as
Ty = BB + (1 — ) (77 — BE#E,) + 10 (’th - mplt) . (121)

4.3.1 Relationship between relative prices and wages

To analyze wage setting, we need to relate the relative prices to relative wages for the price adjusting
firms (see the section 4.4 below on wage determination). Let us first look at the relationship between
relative prices and wages for firms that changed wages in ¢t and prices in t+ k. The first order condition
for price setting (10) is, where ¢! 1, is the loglinearized relative price in ¢ +k for firms that renegotiated

their wages in ¢, and A! the relative wage for firms that renegotiated their wages last in period ¢

o0
0=E Z (awaB)’ (@f+k + Xitbk+j — MCtikty (f)) Y, (122)
=0
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where, deriving marginal cost from the expression (8) for total costs, and using that

Wi () W) Wi Wi

Wik (f) = - : 123
k) =57 Wi Wisk Pk (123)
we have
i (f) = hpnry + (1—7) (Al + X% L Aoy — 2 Viipss 124
Mty (f) = Wrpnry + (1 =) (A7 + Xipj ) — Ty Akt — T Yk ) (124)
Using (61) gives, where & denotes the output gap
o~ « A o > Y.
MCithtj (f) = Wehtj — Wippry + (1 —17) (”t + X?,Jkﬂ) + TSt (125)
Rewriting the sums over XHk’kﬂ and X;"k 4 in expression (122) gives
00 ) 00 Oé Otﬂ
- Z OéwOéﬁ J EtXt+k,k+j = Z = 6Et77t+k+l> (126)
j=0 =1 Quwd
> 1
=Y (waB) EeXghyy = 1= a.aB Z Byt + Z ) B, o
=0 — o =1
Then, using the expression for mc;y4; (f) in the first-order condition (122) we have
0 = (Ghsr— 1 =7)7") = (1 —awap) E; Z (awaB) <wt+k+j — Wy gy + Ei’tﬁ-k-&-j) (127)
o0
- Z (awaﬁ) Eifteiktg + Z EﬂrtH + Z awaﬁ EtWHkﬂ
Jj=1 j=1
Leading one wage contract period ahead and combining gives
‘j;rk tht+k (1= (ﬁt — Ep't Et”t+1) (128)

For the analysis of wages below, we also want to derive a relationship between relative prices
in t and in ¢t + 1 for firms that last changed wages in period ¢. From using (127) when wages are

renegotiated at ¢t and prices at t and ¢ + 1, respectively, we have

@ — awoB (Bl + Eiftir) = (1 — awaB) (1 — ) 2f 4+ (1 — awap) <1Dt —w; + . 7 ,yjt> . (129)
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4.4 Optimal Wages and the wage setting “Phillips” Curve

Here, it is important to distinguish the period when the wage contract last was rewritten, the period

when the price last was changed and the current period. Therefore, we use the following notation

t
Lotk t+k+j

renegotiated in ¢, the price last was changed in ¢ + k.

to denote the value of variable x in period t + k£ + j when the wage contract last was

In this section we derive the wage setting “Phillips” curve from expression (31). Loglinearizing the

first-order condition (31) gives

0 = QOVWUuV/WFﬁ-i- (1—-9) (U VwUfU U Uu — U VwUfoUf>

Uy

Uu— U, o

The four terms in the above expressions are °

o0
E (awaB)F T tik
k=0

Lo k
+Etz o) (o (1 —a)) B Z awaf)’ t+k,t+k+j’
k=1 7=0

S\
\Q>

1
hE

B> () e (W (1))
k=0
+E; Z (aw)k 1 (1-a) Z Qy(x) ¢k+]¢¢t+k t4+k+j W (f),
k=1 7=0

_ _—t > _ __—t
VwlOuVwU, = EY (owaB) VTV,
k=0

00 - 00 N
+E; Z (O‘w)k ! (o (1 —a)) B Z (awaB) VwTVw T g ik
k=1 =0

and

VwUf (—V/W\thc> = L i (awa)k &kV—W(b <_v/\W¢;t+k> +
k=0

(130)

(131)

(132)

(133)

(134)

(o ¢]
_——t
+Etz aw k 1 ozw 1—01 Z awa wkﬂqub( VW¢t+k,t+k+j)-
k=1 7=0

>The last summation in the expressions contain all future price changes during the present wage contract.
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Leading the first-order condition for wages one period, multiplying with a5 and taking the

expectation at t gives

0 = oVwl, (VWU — o BE Vs t+1> +(1—¢) 7 vWUfU (U —awﬂEtUt“) (135)

+(1—¢) (— U(U )U VwU;Uy (Uf OéwﬁEtU}“))
f
oo

Yulog,5, <—V/W\U; — wBE; <—vWU;+1>>

+(1—¢) 7

Also, we need to distinguish the period where the wage contract last was rewritten for the terms

q?)t thttht; and Tt+k,t+k+j as well as for the corresponding derivatives. As for firm payoff and union
o1e T . . . . . At

utility, we indicate the wage contract period with superscripts, i.e., we use the notation ¢,y 5y,

and Tt+k A+k+i

First, consider the first term in (135). Using expression (132) we can write
Uf (U}tc — OdwﬁEtU]tc_’_l)
t > t ¢
. N .
= ¢¢+ Ei Z (awafB)” ¢ <¢t,t+k - ¢t+1,t+k> (136)
k=1

o0
S
+awB Y (awap) ¢ (¢t+1 t+14k — ey t+1+k>

kO

oo

k 1 "t+1

+E; E (awp) w — ) B E awaﬁ <¢t+k t+k+j ¢t+k t+k+])?
k=2 Jj=0

where, from (28), (3), (87) and

TIW(f) - W () T W Wi

B = 1" (f) Wkt X o 137
Pkt Wi Wikt Prrkg (D ik X (137)
we have

ﬁ]P k 7_TJP k I

Orikarnes W) = A+m) g ()5 ( vk () t+~> Yitkts (138)

Pt+k+j Pt—‘rk—i—j
1 w 1- c 7Tl'jP k -
-L ) (nt (f) wt+k+th,k+j) ! (pt+k+j)’y <Q1€+k (f) = > Y;f+k+j.
At+k+j Pt+k+)

Loglinearizing gives, using that wages for firms that change wage contracts within the same time
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period are the same

—~t _ R _ N
OOpihpinr; = Y((A+7)(A—0)+0)gy—Y (1—7y)a' + R{jk,t—&-k—&-j? (139)
- ~t+1 = R = R 41
¢¢t+k,t+k+j = Y((1+71)(1-0)+o0) qﬁ—lﬁ Y (1-79) Attt 4 R{—:Ij,t—i—k-{—jv
where
Rl (1+7)Y (— (1-0) Y #u+ YHW) (140)
l=k+1
k+j A . k+j
-Y (0 D e+ (1= 7) rprys + (}/;f+k+j - At+k+j> + VDiryy — (1 =) Zﬁﬁrl) ;
l=k+1 =1
and
B k+j .
Rﬁ/ﬁwﬂ = (1+7)Y (‘ (1-0) Z Tyl + Yt+k+j> (141)
I=k+1
k+j k+j
-Y (0 Z Tt + (1 =) @rptj + (Yt+k+j - At+k+j> + Pk — (1 =7) Zﬁfﬂ) :
I=k+1 1=2
From (128) above, using that (1 + 7) = =%5 and the definition of R{_fk i1kt and R{j:iljtkﬂ gives
7 At _ \/ "t f?t
o9y = Y (1—=7)n" + Ry,
—at —at
¢¢t,t+k - ¢¢t+1,t+k = 0, (142)
—at — A+l - . - .
PPt kprbrs — PPrikpihr; = —Y (1—7) (”t - ”tH) +Y (1 —7) 7t
Define
1 . . .
A'flt = m ('I’lt — O[wﬁ (Etnt+1 + Etﬂ$+1)) . (143)
Then, using (143) and collecting terms in (136), we have
Uy (0f = awBEDST) = =V (11— ) Ai + R, (144)
where, using (76) and (61) we have
Rt = 2 ¥V, -V (o, — o + ! o+ Yr) ). (145)
e —1 1—~
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Using the solutions for n/z;lt and mrs; from (79) and (86) gives

1
o—1

RIt - Rl = Vi, - Y (uvt - @Q (146)

where R{ "* denotes the flexible-price version of R{ ’

Second, consider the second expression in (135). We can write this as, using (133)
Vw0, <V/W\U5 - awﬁEthU;i“)
_ ——t s k=—ns —t —t
= VWTVWTM + Ei Z (awaﬂ) Vw T <VWTt,t+k - VWTt+1,t+k) (147)

k=1

oo
— /—— /\t+l
+aw Z (Oéwoéﬁ)k Vw1 (VWTt+1,t+1+k — VT, t+1+k)

k=0
oo oo . 41
+Etz (awB)* ! (aw — aar 52 ayaB) Vi T <VWTt+k tihtj — VI T t+k+j> :
k=2 7=0
From (45) we can write
1 o-11-¢,_ -~ €L
1 = — —v-U, . 148
T l+ep acYy o (u v O)+1+5L (148)

Note that, if 7, is not chosen as in (45) but is inefficient as in (47), one can easily rewrite the
expressions below if one is interested in analyzing the case with distortions. Loglinearizing expression

(34), using the above solution for the tax 7,, and that ucw = vy, gives

¢ L o L
VwIVw Y ikivke; = €L (UCUC (Cittotjs Qektj) W — ULOL (L§+k,t+k+j (f) thJrk)) W
( ( k+j [_/
+er | ucw ’flt — Z 7T{£)+l -+ ﬁ}t+k+j> ) — (].49)
2 %)
o—11—¢ _ L
— u—1v—U,) | uctuc (C ; N W—r
+ S (U v o) (ucuc( bt g Quahrs) W (f)>
k+j =
o—11—¢, v (., ) - L
+——= u—0—Uy)ucw (0" — Y 7+ Wipkyj + L ; ,
s ( ) ( ; ol T Wethts + L p oy (f)) W)
where
Uctc (Crrntjs Qrints) = tccCCiiksj + ucQQQuikts, (150)
vLoL (Li-&-k,t-l—k—&-j (f)s Zishrj) = Z7LLEiltt+k¢+k+j (f)+oLzZ EZt+k+j»
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and

k+j 1 k+j
Lijkpihe; = =0 (‘ﬁ—f—k - ﬁt+l> 1 <Yt+k+j - At+k+j> ( ZWHZ) . (151)

I=k+1

We then have

VwYVwTY,, = —ervrL (—od; (f) — ' (f)) %f) + eLﬁcwﬁﬁt (152)
T (-7 = 1) e (1) ' = o) %*Ttﬁ“i
and
T (T s - T
= —€L (ULLL (Lt t+k (f) - IA/§+1,t+k: (f))) ﬁ
+2(le ! ;(p (@ —0v—"T,) ucw <ii,t+k - f/§+1¢+k> WL(f)’
V—WT <V/W\Ti+k,t+k+j - vWTzilit—&-k—&-j) (153)
= evtnle (i~ i) e
er (acm -+ s ) (3 = (114 78,0) e
T o w1 ) (3 (1) + #20))
where
Ttﬁu,t — e (acc(j gANE ﬂCQQQt> wﬁ — e <vLLL — (Yt — At> + szZEZt> %
+eL,Ucw WI_Ef) Wy 2;}_/1 1 ;90 (ﬂ Y, TO) (uCCCCt + ucg Q0; ) % (154)

Using expressions (96), (128) and (129) we can write

— — ) L L u
VwTVw Y, = erorL (od; (f) +va' (f)) W) +eLicwys (f)nt + Tt% ! (155)
o—ll—p o o o L
o (@ —v—"To) acw ((1 —v)n" — ogy) (AR
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and

—  —1

Vw T (vWTt,t+k VWTtJrl t+k)
L
W

= ervrrLlo (¢ — (41 + 7Tt+1)) )
o—11—¢ , -\ R L
¥ o (a—v—",) ucwo (¢ — (411 + Fe41)) At (156)
-t ———t+1
VT <VWTt+k,t+k+j Vw Tk t+k+]>
_ L
= er (ew+ 0L (Y+0(1—9))) (' — (A" + i) 7 N
o—-11—¢ , - _ _ L
—0—@01—/ 2 (u—v—TO)ucw(l—i-EL)( ( +7rt+1))W—
Then we can write
VWUU <V/I/VEZ - awﬁEtv;U?ﬂ)
- o—11-— I o x v o L
= Ttt ’ —i—(ELvLLL— aCY (p(p(u—v—U)qu> <wt t+1—’yxt> W(f) (157)
1 - . L
T <€L (uow — ULLL{;“L) (n — 3 (n”l + 7rt+1)) W(f))
1 oc—11—¢p _ o At At L
+1—aw6Et<ﬂc}7 ” (a—v—Us) ucw (1 +¢er) (A" — awB (7 +7Tt+1))W(f) ,
or, using (143)
\ (v/W\UfL - awﬁEtv;U?1> (158)

Au,t = —U —11- ? (@ v Y g
pry ’ \/ N B T 1 A
Ry + Eyor, (€L (14eLpp) + acY (u v O) (1+ EL)> W (f) "

where

_ 11— _ L
RtAtUt = TA” (€LULLL — (;C? (p‘P (a—v—"T,) ucw> o <'lbt — Wy + ! it) , (159)

and, using the solutions for @t and m7s; from (79) and (86)

x _ _ . L — L
RtA,tu,t _ RtA,tu’t — Dy (— (s, — W) — pro <wt _ mplt)) W
0'—11—@ _ _ _ E
+ﬂc37 - (a—v— T)ncw((l—a)( mpl>+a:t>W(f) (160)
c—11—v ,_  _ < \_ ~_ L
+ﬂc§7 - (u_U—To)UCCCwW(f):L‘t
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where RtA " denotes the flexible-price version of RA“ *

Third, consider the third term in (135). Using expression (131) we have

o0
U, (U; — awﬁEtUﬁ'l) = T’Ti?t + E; Z (Oéwaﬁ)k T (Tat-s-k - T%—f—l,t—&—k)
k=1
—i—ozwﬁz awaﬂ ( tHl b1k Tiﬁ t+1+k> (161)
k=0
o0
k— 1
+Etz () w — Oy ﬁz Oleéﬁ ( t+kt+k+j Ti+l§: t+k+])
k=2 7=0

where, using (26)

Yala'al4 N — A
Yk tbrj = Wltgktj — V0tyhtjs (162)
and where
Uipipr; = UoCCikt) + UQQQt k+j) (163)
— At . _ = At _ N .
V0igpy = VLLLiipyinyy (F) + 02221 k4.

We have, using (128) and (96)

. _ . . . A
YY;;, = oL (oG +0') + ucCC +uQQQ: — V22 Z; — oL > <Yt - At> :
T <Tt t+k Tt+1 t+k> = orLo (Cﬁ - qALrl - 7ATt+1) 5 (164)

_ /A 11 — . R} “
T (T§+k,t+k+g T t+k+]> = 0L (o (1=7)+7) (A=A —72,).

Then, using expressions (129) (143), we have
0. (U; . oszEtU;i“) — oL (0 (1 =) +7) Adl + R, (165)

where

o/e A = 5 - 1
Rz;ft = ucCC; + aQQQt — Vgl 0y — ?_}LLl

(Y/}/ — At> + T)LEO‘ W — ’UAJ;: + i Lf?t) . (166)
- I—

Using the solutions for ’I’I/’L;lt and mrs; from (79) and (86), gives, using that we from (49) have

oL = ucC (1 —7)

, _ 1
RY — RV = o Ciy — oL
bl ) — ry

%+ Lo (wt - @Q — orLo (wt - @Q (167)
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tx . . . t
where R;}" denotes the flexible-price version of R,
bl bl

Finally, to rewrite the last term in expression (135) we use (134) and hence we have

Vw Uy <—V/W\U; — BB <— Ut“))

—_ — © —_ —t —— 1
= Vwd (~Vwdrs) + Bt Y (000 Vivd (~Twpes = (- Tworrrere) ) (168)
k=1
VW¢ — 1 ——t+1
+Otwﬁz oy of3) k W (f) ( VW¢t+1,t+1+k: - (—VW¢t+1,t+1+k>>
k=0
> _—t _——t+1

+Etz (awf3) k= 1 — QY BZ (awar3) J VW¢( VW¢t+k,t+k+j - (_VW¢t+k,t+k+j>> )

k=2 7=0

where
— kg 1 ~ ~
“VWoriktiky; = —O <<§§+k - ﬁ't—l—l) + T <Y1t+k+j - At+k+j> (169)
I=k+1

ket j
+(1 =) (ﬁt - Zﬁﬁz) + Wikt

=1

and, using that fc = Y, we get

Y
Vo =—(1—7) —— 170
Then, from expression (99)
— . 1 ~ ~ N ~
~Vwe, = —og;+ R (YZ — At) + (1 — ) Al + iy,
—t — 1 ~ o ~
—VW¢t,t+k: - <_VW¢t+1,t+k> = -0 (q,f - (qf+1 + 7Tt+1)) ) (171)

o (G4r — qfi/i) (1 =) (A* - (ﬁtﬂ + 7)) -

——t ———t+1
—VW¢t+k:,t+k+j - <_VW¢t+k,t+k+j>

Using a similar argument as above gives, using (128), (129) and (143)

I — — v )
VwUy (—VWU} — ayBE; (—VwU;+1>> = RtA,tf’t —(1-7) 0] (1—7)(1—0)Ant,  (172)
where -
Y 1
AV A _ A A oAk Y. 1

Ry (1 fy)—W(f) <1_7(Yt At)+wt a(fwt wt+1—7xt>>‘ (173)

Using the solutions for @t and mrs; from (79) and (86), gives

Y —
NN . B .

Ry Ry (1—=7) W) <33t +(1—-o0) <wt mplt>> (174)
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where Rf tf " denotes the flexible-price version of RtAf L

We can write the third term (144) in the first-order condition (when subtracting the flexible-price

first-order condition) as

L— gt rt+1 _;ELE— (1 _ N 1 SR SO
Ufo<Uf owBEU; )_1—Otw5W(f)Y (1 —7)An +U_1xt <wt mplt> , (175)

and the last term (172)

Vi Uy (—V/W\U;i — awBE; (—VWU;“)) (176)
1 oL 1. L .
- v(-—— . 1) Adt) .
1— awB W (f) < o—1wt+<wt mplf>+( ) ”)

These two terms eliminates each other in expression (135). The wage setting “Phillips” curve can then
be derived from (158) and (165).

Using expressions (144), (158), (165) and (172), the definitions of Rf’f, th“’t, R{’tt and Rﬁtf’t, the
steady state values of U [ VwU,, U, and ViU ¢ and that the only difference between the flexible
and sticky price values of these terms is that variables are evaluated at their flexible and sticky price

levels, respectively, the first-order condition (135) can be rewritten as
PgAR + B3y + Doy (0 — WF) = 0, (177)

where, using the solution for labor taxes gives and the definition of 7, given in expression (14), we

can write
oy = 6Lai (p(2+Q+pp)er) —A+e) il —(1—¢)(c—1) (a—v-T,) (1 —7)°
P, = <—¢U€_L1 pc—lel__UJ>—(1—<P)m>17Li (178)
+(1-@)(a—0-"T5) (1 =0y —pc(1—7))
3, — —(—sojfl<1—apL>+<1—so><1—v>a)vLm(l—so)(u—v—T0)<1+eL>

There is a potential problem associated with adjusting 7., as in Erceg et al., 2000 in order to achieve
efficiency, since this approach leads to inconsistencies when ¢ < 1 (see the section on comparing our
model with the Erceg et al., 2000 model in Carlsson and Westermark, 2006). It is of course possible
to use both 7, and YT, to eliminate distortions on the labor market. Then there is a continuum of
possible ways to ensure efficiency, all leading to different wage setting behavior. The way we pin down

a unique wage setting curve, is to adjust both 7, and Y, such that each party receives a share of the
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total surplus corresponding to their bargaining power. 6

To achieve this, we do as follows. First, we know that the share of the surplus that accrues to the
firm in steady state is 1 — . We also know that the firm always must get 7Y in steady state. Then we
have to adjust T, so that the firm share 1 — ¢ is always 7Y. We then need to derive total surplus. To
analyze total surplus, we need to transform it into consumption terms. This is done by multiplying

the steady state payoff for the worker by % implying that total surplus is

]

u —

— + 7Y (179)
uc
The firm then gets -
_ i—0—"T, o
7V =(1— ) (L + TY) . (180)
uc

Using that ¢ (1 — v) C = oL, this expression can be rewritten as

- 1 oL
i—0—To=——7icC = —> L

1—¢p l—po—1(1—7) (181)

Note that, when using the solution for 4 — o — T, and the solution for 7 from (38) in the labor tax

rate 7, from (45) we get

o 1 <a—11—cp

Y -0l -y) \acY ¢
1

= m(l—(7+0(1—7)))—1:0-

(_—@—To)—(v+0(1—v)))—1 (182)

Thus, the method above implies that we only adjust Y, to achieve efficiency. We then eliminate the
two distortions in the economy stemming from monopoly power in the intermediate goods market and

from union bargaining power in the labor market by using 7 and T,. Using (181) in (178) gives

b0 = (asTp e+t p)en) — (L)~ (L-7)) oL

- € 1-o0y l—oy—pc(=7\. 7
v = (et (e nfT) —a-won) + P al sy
v = (- (e U-om) + 1= @) =)o) +or—r

6 This is how the surplus is divided in linear bargaining problems, see Osborne and Rubinstein, 1990.
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Using (183) we get, when dividing expression (177) with ®; and dividing through with 1+e&7, gives

P 90(11__—07711’:—2?—00>+(1—90)0% (184)
P (g (T4 pen) +1) — (1-@)er
0,  e(E -0 +)+1-9o
P (e (Tpen) 1) —(1- @)

To express the wage setting equation in terms of wage inflation, we need to express relative wages
in terms of wage inflation. The wage evolution equation is, recalling that W (f) is the optimal wage

for firm f when renegotiating wages in period ¢

1 1
Wy = aw/ AWt (F)df +(1— aw)/ W (f) df. (185)
0 0
Using that WV’{,—:l = # gives
| = i+ (1—a )/nt(f)df (186)
w 77‘2} w .

Letting n* = [n' (f)df and loglinearizing gives

At = —2w g, (187)

Using expression (187) in (143) yields

~ 1 Qy A~ W AW
Ant = 1 — awﬁ 1 — oy (ﬂ-t — /BEtﬂ-t+]_) , (188)
and letting
11—y
I = (1 - awpf) : (189)
the wage setting Phillips curve is
w o Q. Puw,
Ty = ﬁEﬂTt+1 - Hl ((}th + (}T (wt — Wy )) . (190)
d d

Hence, the first-order condition for wage setting is the wage setting Phillips curve; see Carlsson and
Westermark, 2006 for an in-depth discussion on the intuition for (190) as well as for (191) below.
Using the solutions for @t and mrs; from (79) and (86), (158) and (165), together with (160)
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and (167), expression (177) can be rewritten as, where kK = ¢ <1iL€L (14 prern) + 1> —(1-y)eL

~ W AW 1 ~ S
# o= BB+ (1— ) —2o (i —mpl,) (191)

2L (G = 7750) = (oo + (1= o) (10— ) + (o — 1) 22).

4.5 Real wage evolution

The real wage today can be written as a function of the previous period real wage as follows

Wt _ W%Wtfl

— = . 192
P TP ( )

Log-linearizing gives

Wy = W1 + 7Y — 7y (193)

5 Welfare

When computing welfare in this model, a second-order approximation in logs is used, resulting in
that we can relate welfare to the variance in relative prices and wages. Also, the output gap matters
because it distorts the economywide relationship between consumption and leisure. Before analyzing
welfare, we first compute second-order approximations of L; and Y;, the relationship between real
variation and price variation and finally persistence in price variability.

5.1 Quadratic approximation of L; and Y}

We first proceed by looking at a quadratic approximation of L; and Y;. Aggregate demand of labor

by firms is, where the integral is taken over firms

L= /0 L (194)
Then a quadratic approximation is
L= ByLa (£) + goarsLa (£) +o (I€1°) (195)
Using the definition of the composite good in (1), we can similarly derive

N N lo—1
EfYt(f):Yt—§

vars Y (£) +o (Jig]1*) (196)
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Now, let us express (195) in terms of aggregate variables and variances. Taking a second-order

approximation of (4) gives
. 1 . .
EyLe () = 7= (E% (1)~ A) +o (Jel) (197)

Then, using (196) in (197) and expression (195) we get

Er = Byl (1) + oars L (9) = 2= (Vi = A1) = 57== Tovargi (1) + oars L () +o (J€IF)
(198)

5.2 Relationship between real and price variability

In this section, we relate price variability to variability in real variables, which, in turn, creates a link
between price dispersion and welfare. We start by computing varfjlt (f) as a function of Uarfpt (f)
and var sy (f) . We also use that wy (f) = W}th = n¢ (f) we from (87). First, note that it follows that

varpwy (f) = vargng (f). Second, let us find varfﬁt (f). Since

£ () = =oin (1) + 7= (V= &) = () +-10) +o (€] (199)
we must have
vargLy () = o®var v () +~var g (f) + 205cousdy (F) e () + 0 (IEI°) . (200)

Third, let us find covyLy (f) 1y (f). From (199) we have

couy L (f) i (f) = —yvarsin (f) = ocovsan (f) e (f) + o (Ji€]1*) (201)

Finally, we need to find covyg; (f) 7t (f). To do this, note that prices depend on wages. The price
setting relation (113) becomes, using n/zglt (f) = A; 4+ vy (f) — p¢, assuming that prices last were

changed in ¢ — j and letting 7;—; (f) denote the relevant relative wage

_ 1 2
0 = Taagies (D +o(lE) (202)
[e%e) k k .
+E;—j Z (cwaB)” [— Zfrt—jﬂ —(1=9) (ﬁtj (f) — Zﬁ';tw—j—i—l + 127t—j+k> + Atjrk — VDi gk | -
k=0 =1 =1
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Setting the aggregate variables equal to some constant =, we can write’

Q-3 (F) = (L =) 7y (F) +E+0 (1)) (203)

where = is independent of f. Note that the relative price in period j is

. P
@ (f) =T () =2, (204)
t
and hence
J J )
@ () = -5 (F) = D Fot = g (F) = @ (1) + Y Fev+o (J€l) (205)
=1 =1
A similar argument establishes that
g 2
-y (f) = e () + 3 7+ o (IIEIP) (206)
=1
and hence we can write (203) as
~ o ~ —/ 2
@ () = (=) (F) + ' + o (IEIP) (207)
where Z’ is independent of f. Then we have
P 1 . 3
covt () () = 7= varsie (F) + o (1) (208)

and hence (200) can be rewritten as, using that var g (f) = varpP; (f) + o (H§||3> and var sy (f) =
var i () + o (J1€]*)

var;Ly (f) = (02 + 2071 ! ) var By (f) 4+ y2var gy (f) + o <||§H3> : (209)

and, taking a quadratic approximation of (3)

var;Yy (f) = o?var; Py (f) + o <H§||3> . (210)

"We can ignore the aggregate variables, since we are only interested in variances and covariances across firms
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5.3 Variance Persistence

Since prices and wages are not fully flexible, the variance of the price and wage distribution across
firms are persistent. We want to find the variance of the distributions today as function of previous
variances and inflation. To do this, let us express vary (log P; (f)) and vary (log Wi (f)) in terms
of squared inflation and wage inflation. Combining this with (209) and (210) we get a relationship
between real variability and inflation, which enables us to write welfare in terms of inflation and wage

inflation. Let P, = Eflog P, (f). We have
vary (log P (f)) = Ey (log P; (f) — log 7 — Pt,1)2 - (Apt)2 , (211)

where

AP, = P, —log® — P,_1. (212)
Let us rewrite AP; in terms of inflation. Since log P, = E rlog Py (f) = P, we can rewrite AP, as®
AP =+ o (IE17). (213)
We also define
AW, =W, —logm —Wi1 = (1 — ay) (log W¢ —logm — Wt_l) i (214)

Similarly, let us rewrite AW; in terms of wage inflation. Note that we have log W; = W;.? Then AW,

can be rewritten as

AW; = &+ o ([l (215)

We can write the variance in (211) as, using that when wages are changed, they are the same for

8We have
log P; (f) —log 7 — log Pi—1 (f)
= % (P, (f) — P) —log7 — (% (P—1(f) — P)) +o (€)= P (f) —logT — Pr_1 (f) + o (|I€]17)

Using L
P :/ P (f) df + o (I€IP)
0

and integrating over f gives ~ A R
A_Pt = Pt — Ptfl — logfr + o0 (”5”2)

Since P, = m Pi—1 we get ~
AP, =#+ o (|€]°)

9This follows from a similar argument as in the previous footnote.
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all firms, i.e., W2 (f) = Wy for all f

vary (log P (f)) = awaEy (log@P—1 (f) —log @ — Pt_1)2 - (Apt)2 (216)
+ (1 — @) awEy (log P (Wi (f)) — log 7 — Pt,1)2

+ (1 = aw) (log P (W) —log 7t — Pt,1)2 .

We now rewrite expression (216) in terms of lagged variance in prices, variance in wages and
inflation and wage inflation. To do this, we need to rewrite the third and fourth term in expression
(216). To rewrite the third term, let us express Ey (log P (Wi (f)) —log 7 — Pt_1)2 in terms of AP,
and AW,. We have

AP, = (1 —a)ay (Eflog P? (Wi (f)) —log@ — Pi—1) + (1 — aw) (Eflog P (WY) —log® — Pr—1) .
(217)
Note that, from (5) and (10) we can write the optimal price as P? = o (W (f))'~” where o only depend

on aggregate variables. We thus can write

dlog PP (7W,
Og%li?v% LD (1og W2 — log #W,_1 (1)) + o GER)

= log P (#Weet (£)) + (1= ) (log Wy = log Wit () + o (I€]P°)

log Py (Wy) = log Py (7Wi—1 (f)) +

Using that we have W; (f) = aW;_1 (f) for firms that do not change prices and since E; (log #W;_1 (f)) =
log @ + W;—1 and using (214) we have

AP = (1 =) AW = (1 — &) ay + (1 = awy)) (Ey log PP (W (f)) — log T — Pr—1) - (219)
Also, we have

Ey (10g P (Wi (f)) —logm — Pt—1)2 (220)
= Ey (log PY (W (f)) — Eflog P? (Wi (f)) + Eflog P (Wi (f)) — log 7™ — Pt,l)Q

— varslog BY (Wi (f)) + (Eflog BY (Wi (f)) —log @ — P 1)?,

and, using (219) and (220) we get

(AP, — (1 —7) AW;)?
(T —a)aw+(1- aw))Q.

Ej (log Py (W (f)) —log — pt—1)2 = varylog PY (Wi (f)) + (221)

To rewrite the fourth term in (216), using that log P? (WY) is the same for all firms that change
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wages and the loglinearization of log P? (W) (i.e. (218)) we can write

(log P? (W) —log 7 — Pt_1)2 (222)
= By (log P? (iWi1 () —log 7 — Pr_1)? + Ey (1 =) (log Wy — log @W,_1 (£)))?

+2(1 =) By (log pf (*Wi-1 (f)) — log @ — Pia) (log Wy — log #Wi—1 (£)) + o (Ji€]1*)

The three terms in expression (222) can be written as, using (220) and that we have Wy (f) = 7Wi_1 (f)

for firms that do not change wages

Ef (log P? (Wi-1 (f)) — log 7 — P 1) (223)
1 — = \2
= waryslog Py (W AP, — (1 —~) AW,
108 B (W (1) + s (AP~ (1) AW

using (214)

By (1 =) (log W7~ log 7oy (7)) = (1 =9)* (o (AT 4 vorglog Wi () (20)
and, using (214), (218) and (219) that
Ey (log P? (7Wi—1 (f)) —log @ — P—1) (log W — log TW;—1 (f)) (225)

(1—a) ocw1+ (1 — ) (AP = (L =7 AW}) 1

AW, — (1= ) varylog Wees (1) +o (J¢])

Using expressions (223), (224) and (225) in (222) gives the fourth term in (216) as

var log PY (W (1) + 7or—mm - o (AR (0 AT’
+(-9y ((1 —1a )2 (AWt)2 +varylog Wy (f)) (226)
2(1-9) (m(ft__cf)la;ﬁ SR L () varytog Wi <f>> +o(lel”).

Let us now collect the arguments above to rewrite expression (216) in terms of lagged variance in
prices, variance in wages and inflation and wage inflation. The expression varslog P (W; (f)) involves

firms that do not change prices. From (207) we then have

varylog PY (Wi () = (1= 7)” vars log Wi (f) = (1= 7)*varylog Wit (f) + o (I¢I°) . (227)
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Then we have, using (221), (226) and (227) in (216)

vary (log P (f)) = awawvary (log P (f)) + (1 —a) o (1 — )2 varylogWi—1 (f) (228)
Qo =\ 2 -« 2 T7\2 3
S (R vy s (a(APt) s (1) (AW ) +o(ll)-
Using expressions (213) and (215) gives
vary (log P (f)) = awawary (log P (f)) + (1 —a) o (1 — ~)? varylogWi_1 (f) (229)
Ol R 11—« w
+(1 —a)ay + (1 — ay) (a (Wt)2 + 1— o (1= V)2 (72 )2> to <H§H3> )

For wages, we can write, using a similar method as in (211), and using (214) we have

vary (log Wi (f)) = awvary (log Wi—1 (f)) + 1 c_)q; (AV_Vt)2 . (230)
Using expression (215) this gives
A o
vary (log Wy (f)) = awvary (logWi—q (f)) + T (7)2 + 0 (||§||3> , (231)

where o (||§ ||3) describes terms of order 3 or higher.

5.4 Welfare

When analyzing the welfare in the model, we focus on the limiting cashless economy. The social

welfare function is then

iﬁtSWt, (232)
t=0
where
1
SW, = u(Ch, Qr) — /O v (Li (). Z) df. (233)

Taking a second-order approximation of u (Cy, Q) gives

u(Cp, Q) = a+ucC <C} + % <Ct>2> +gQ <Qt + % (Qt)2> + %ﬂcc(?? (ét>2 (234)
. 1 a2
+icQCQCQ: + 5@ (Q1) +o (lIElP) -

Let us take a second order approximation of v (L; (f), Z;) using the standard variance decompo-
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S \2 . N\ 2 . N\ 2
sition Ey (Lt> =wvaryL; + (Eth> . Using (198) to eliminate EyL; (f) and <Eth> gives

Bro (L (9),2) = b (12— (Fim o) = 2= T varg i (1) + goars L (1)) (235)

+mj%<1i7<Y AO

+0LzLZ < <A
-

where tip denotes terms that are independent of policy. Since Z, is and aggregate (and thus common)
disturbance we have Eth Zt 10
Combining the second order approximations of u (Cy, Q¢) and Efv (Li (f),Z;) from expressions

(234) and (235), gives welfare as'!

_ /. 1 /4 1 o /A2 C A
SW, :ad%C 5(0)+ﬂ«@%@>+%¢@@@ (236)
I TN, 1 1 o-1 . 1 . 1/ 1 /0 \\?
—or,L (: (Y} — At) — 5: > UCLT’fY;g (f) + §varth (f) + 5 (: (Y;: — At>> )
1

AR AN iz (L (v i)z
I (Fi-A4)) —o0sLZ (2= (Vi— &) ) Z+tip+ o))
2 1—v 1=

We are interested in computing the difference between sticky and flexible-price welfare. Consider
welfare when prices are flexible. Note that there is no variance in the price and wage distribution
across firms, since all prices and wages are adjusted in every period. Let us analyze the difference
SW; — SW[, i.e. the welfare difference, using that C, =Y, and C’;" = }A/;*, that flexible-price welfare is
similar to SW;, except that all variables are evaluated at flexible prices implying that the price and

wage distributions across firms are degenerate (i.e. zero variance) and that ¢ (1 — ) C = v, L gives

~ —~ o L+ovrL? .  opzLZ - A
SW; — SW; = (mQCQQr+ﬂLj1£%—Ay—WZ &)(n-&¢) (237)
(1=7) 1=y

+l <ucé oL (ﬁf +iiceC? - (ﬁ)zvuﬁ) (09~ ())

oL 1 o-—1
2 1-v o

var Yy (f) +varpLy (f)> +tip+o <H£H3> .

Let us eliminate the shock terms by using that flexible-price output f/t* is a function of the distur-

ONote that the terms (@arfl?})Q, uarfff}varffjt N, (varfﬁt (f))Q, (l}} — fl,) (varfl?t) and (Y} — fl,) (varff/t (f))

A\ 2
appearing in the (Eth) term vanish since they are of order three or higher.

"' The terms involving only the disturbances are independent of policy.
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bances in the model. We define

N (R GO U D

1 Y
7 — 7 =ac [ —po+p -1, 238
2 My T MPL "1+ C( P PLy—, 1—7) (238)

where we use the definitions of po and p; and that ucM PL = v. Recall that, using that T?L;l: =

ﬁAt - %Yt* and that MPL = (1 —1) % we have, from expression (63)

A*CY, =—uCQCQQt+1_7szZt—1_v(vL+vLLL)1_7At. (239)

- _ _ _ _ 2 _ 2
Note that, since uc M PL = vy, we have ucC = ULLﬁ and hence ucC'—vr,L (ﬁ) = —yorL (ﬁ) .

Using the expression above for Yt* in expression (237) gives

SW, — SW; = —A*CYt( Yt> A;C <(Yt> (Yt>2> (240)

_ l——/ _ R R
- (e v i)+ varLa (1)) + tip o (eI

Note that the first row on the right hand side can be rewritten as =~ (Yt ) Using (240), and
(209) and (210), the total welfare difference is

ANC (N2 (o2
SW, — SW; = —A*CYt( Yt> 5 <(Yt> —(Yt*)> (241)
_77[2/[/ (U(V(l_1i)+1+7)Ua7“f1f)t(f)+’Y2'Ua7°th(f)> +t2p+O(H§H3)
Y
o ot * MO ot (v o 1L t
Eoy B'(SWy—SW) = Eo— ) 3 (Yt—Yt) —EO—ZBwarth<f) (242)
t=0 t=0

_EO

o)+ 14 )y > avarsi(f) +tip+o ()

Repeatedly substituting (231) into itself (forwardly), using (213), starting at period 0 gives

vary (log Wi (£) = (ow)" " vary (log W (£)) + 3= T N (hel®). (249)

s=0

Multiplying by 4’ on both sides, using that var; (log W_1 (f)) is independent of policy and summing
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from period 0 to infinity gives'?

Qo

Ey Z Btvary (log Wy (f)) =

t=0

1 > w2 . 3
o P28 Yt (JeI7). (a0

11—yl

Now consider price variability again. Expression (229) can be rewritten as

vars (log Py (f)) = awavary (log P1 (f)) + (1 — @) auy (1 — ) var s log W1 (f) (245)

(1-a)ay(1-9)?
(1= aw) (1 —a)aw + (1 - ow))

Oy X A~ N2
+(1—a)aw+(1—o¢w) ()" +

Repeatedly substituting (245) into itself (forwardly), starting at period 0 and taking expectations

at period 0 gives

t—1

Egvary (log P (f)) = Eo ) (cwe)' ™ 7 ((1 = @) aw) (1 —7)* vary (log Wi (f))
s=0

—|—E() Z (Oéw()[)tis (1 _ 7)2 (1 B Oé) 7N)
s=0

(1= aw) (1 = @) aw + (1 = aw))

(#¥)? (246)

QX

FE Y (o) ot (7)o tip o (GRE

Multiplying by £ on both sides and summing from period 0 to infinity gives'3

o0 9 I
By fvars (os (1) = By S vy (o8 Wi ) (247
t=0 w t=0
(1_7/)2(1_0‘)0410 - t o Aw
+(1 — Baya) (1 — ay) (1 —a) ay + (1 — ay)) EOZB (7 )2
0= Bawa) (= a) ey T (1 —an)) Ogﬂt )%+ tip+o (|I¢]*)

Now we are able to state welfare in terms of squared inflation, wage inflation and output gap.

12We use the following rearrangement of the double sum

Z (awﬁ) (aw - Aw Z

t=0 s=0 s=01

awﬁ ) s (ﬁ;u)2 .

Mg

s

oo

5 () = D (@) 306 (awe) = > 7

s=0 t=s s
oo
Z/BT (awa)'rfs )

M 1M
1Y

0
Bt(aw tlsizzﬁr+laa ,BZ

1 s=0 r=s s=0 r=s

M |

o+
I
o
[
I
j=}
[
i
(=}
~+
Il
»
+
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From (242), (244) and (247) we get

Eo > B (SWi = SW;') = Bo Y B'Ls + tip + o (I€I°) | (248)
t=0 t=0
where
Ly =04 (2)° + 0 (7)) + O (79)?, (249)

and, using expression (238)

0 A*C’_g_ et oy
e = 5= guc (et 1 )
orLo(y(1—0)4+1+7) QY
0 = — , 250
2 1—+ (1 = Paya) (1 —a)ayw + (1 —ay)) (250)
6. — _ELE Qy 0(7(1—U)+1+7)6(1—a)aw(1—’y)z+72 1
21— oy 1—x 1 — Bay,a 1—aup
Lol-0)+1+9) (1-7(1-a
1—7 (1—Baya) (1 —a)ay+(1—ay)) )’
Using expressions (119) and (189) we get
_C 1 gl
0, = Euc<—Pc+PLl_,y—E>>
O Lo(y(l-0)+1+9)1
0, 2 L (251)
_wlL /1 _ oL eoly@-0)+1+49)
b = =T (Gt (=) (1491 = o)) - g (1 T2 .

6 Optimal Discretionary Policy

To find the optimal rule under discretion, the central bank maximizes welfare in (248) subject to the
constraints derived from market behavior (120) and (190), together with the real wage flow equation

(193). Thus, the central bank solves the following problem

V(1) = max 0, (80)% + O (70)2 + O (7%)2 + BEV (ty, 0]y ) + tip + 0 (||g||3) , (252)
{frt,ﬂtﬂf‘f,wt}
subject to
Fo = BB+ (1—7) (77 = BEAT) + (a0 — ) + - 1 T (253)
Wy = thy_g + 7Y — 7y, (254)
B = BE#Y — Qi — O (i — ) (255)
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where

P
Q = I, (256)
Dy
P
Q, = I;==.
w 1 q)d
The first-order conditions are
_ - x 7 v
-7
0 = 20,7+ A\ + A\, (257)

0 = 207 — AT (1—7) =AY + AT,

n ok . OTtsa1 ony w e on
0 = BEW (W, ) — A} <6Et ag; — (1 —~)BE; afz;l +H> + AV — AT <,8Et%t1 —Qw> .

where AT, A}’ and )\?w denotes the Lagrange multipliers from the Lagrangian. We restrict attention to
Markov perfect equilibria, i.e., we do not consider any equilibria with reputational effects. However,
we need to take into account that real wages is an endogenous state variable. In any stationary
equilibrium, therefore, expected inflation and expected wage inflation will depend on lagged real
wages. What the policy maker takes as given, accordingly, is not the level of expected inflation and
wage inflation, but rather how private sector expectations of inflation and wage inflation tomorrow
respond to movements in real wages today.

To solve the model we first use the three first of the first-order conditions to solve for the Lagrange
multipliers as functions of the control variables. We then use the solutions to substitute into the last
first-order condition, so that this first-order condition is expressed in control and state variables only.

Using the first three first-order conditions gives

I 09 AT 0,0
1 10 || x| ==2| 0.7 |- (258)
-(1-7 -1 1 T Oneo ity

The solution for the Lagrange multipliers is

-1

AT =1 0 @ 0,24
Ao =2 1 1 0 07 |- (259)
AT —(1-9) -1 1 O 1

Thus,we have now expressed the Lagrange multipliers as functions of 2, 7; and 7y, and we can thus
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eliminate these from the last first-order condition, which is

A ak T (A oA AW or ony wan A AW
0 = BEVi (W, 0p1) — AT (2, 7, 77) <5Et 822“ — (1 —7) BE,—1 +H> + A (Bt 7o, )
Wi 0wy
© o on¥
_)‘? (a:t?T(taﬂt) </3Et 8{-!—1 - Qw) . (260)
Wt

We can then solve the model by adding the constraints to the above equation and we thus have

De. 0¥ T (4 4 aW or ony
0 = BEVL (i, dfir) = N (%aﬂtﬂn)(ﬁEt Zl — (1 =) BE; ag:l +H>

. w on¥
XY (&0, 7o, 7) — AT (3, e, 7) (ﬂEt i1 g )
t

ow
# = BEd+(1— ) (7% — BE#2,) + 11 (i — i) + ﬁl‘[ﬁ:t, (261)
Qf)t - 'lZ)t_l +7%‘£J - 7A'('t,
7= BEFY — Quiy — Qu (0 — 0)) .

This system can then be solved for optimal paths of the control variables (Z¢, 7¢, 7¢) by the numerical
method described in Carlsson and Westermark, 2006.

Note that, using the envelope theorem, the first expression in (261) can be rewritten as

A . w e o aw on ony
0 = B(—EMyy (Be41, Teg1, 78)) — AT (&, 70, 77) | BE (1) BB T
awt 8wt
WA A AW T (A A AW a’frs‘,‘;l
+)‘t ($t7 Tty Tt ) - )‘t (xtv Tty Ty ) /BEt awt - Qw . (262)
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7 The Erceg, Henderson, and Levin (2000) model

Since the sticky price equilibrium is derived as in Erceg et al., 2000, we do not reproduce the derivations
here. Condition (254) is identical in the two models. The conditions corresponding to (253) and (255)

are

Fo = BB+ — ) + 1 j’yHﬁ:t, (263)
&y = BE#{, — Qb (0 — d)) + Q&

where, IT and II; are defined as in (119) and (189), respectively, and

Iy

oF = —— 264
1
Qf = QE <PC - pNﬁ) .

7.1 Welfare

When computing welfare in this model, a second-order approximation in logs is used, resulting in
that we can relate welfare to the variance in relative prices and wages. Also, the output gap matters
because it distorts the economywide relationship between consumption and leisure. Before analyzing
welfare, we first compute second-order approximations of L; and Y;, the relationship between real

variation and price variation and finally persistence in price variability.

7.2 Quadratic approximation of L, and Y;

We first proceed by looking at a quadratic approximation of L; and Y;. Aggregate demand of labor

by firms is, where the integral is taken over firms

- [ L) df (265)
Then a quadratic approximation is
L= ByLa (1) + gversLa (1) + o (1€]7) (266)
Using the definition of the composite good in (1), we can similarly derive

lo—1

EfYt(f):Yt—§

vars ¥ () + o (Jig]1) (267)

g
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Now, let us express (266) in terms of aggregate variables and variances. Composite labor in Erceg

1 ow—1 %
L = (/ N, () “ow dj) . (268)
0

By a similar argument to (267), we get

et al., 2000 is given by

N - loy,—1 o
BNy () = L — 52— var;Ni (7) + o (Ji€]) (269)

Ow

As in expression B.11 in Erceg et al., 2000, we have
Eg¥i(f) = Ac— Lo+ BgLi (F) + o (1)) (270)
and, noting that capital labor ratios are the same for all firms, we have

var Vi (f) = vars Ly (f) + o (|yg\|3) . (271)

since there is no local variation in A;. Using (266), (267) and (271) gives

A 1 N A 1 1 N 3
=— (V- S . 272
i 1_7(5@ At>—|—20(1_Fy)va1“fYt(f)—l—o<||£H) (272)
Then, using (272), (269) can be rewritten as
N 1 R R 1 1 N lo,—1 A 3
; =— (v, - e - , ' 2
BN () = 1= (Vi = 4) + 5 ormyvors Wi () - = —var N () +o () 273

7.3 Relationship between real and price variability

Using a quadratic approximation of (3)

Uarff/t (f) = JQUarfPt (f)+o <H§H3> , (274)
and similarly for labor demand, derived from (268)

var; N (4) = oyvaryiy () + o (|16 ) (275)

7.4 Variance Persistence

Since prices and wages are not fully flexible, the variance of the price and wage distribution across

firms are persistent. We want to find the variance of the distributions today as function of previous
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variances and inflation. To do this, let us express vars (log P; (f)) and var; (log W (j)) in terms of
squared inflation and wage inflation. Combining this with (275) and (274) we get a relationship
between real variability and inflation, which enables us to write welfare in terms of inflation and wage

inflation. Let P, = Eflog P, (f). We have, using expression (213)
vary (log Py (f)) = By (log P+ () —log 7 — Pr_1)? — (AR, (216)
We can write the variance in (276) as

vary (log P, (f)) = cwaEy (log 7P_1(f) —logm — Pt,1)2 - (AE)Q (277)

+ (1 — ae) (log P — log 7@ — 271)2 .

We now rewrite expression (277) in terms of lagged variance in prices and inflation. To do this, we
need to rewrite the second and third term in expression (277) in terms of inflation. First, note that
we have

AP, = (1 — apa) (log P —log® — Po_1) . (278)
Then we have, using (213) and the expression above in (277)

QX

vary (log P; (f)) = awavary (log P—1 (f)) + (frt)2 +o0 (||§||3) ) (279)

1 — oo
For wages, we can write, using a similar method as when deriving (279)

Olyy

var; (log Wy (4)) = ayvar; (logWi—1 (j§)) + o
w

(7 +o (IIgl*) (280)
where o (||§ ||3) describes terms of order 3 or higher.

7.5 Welfare

When analyzing the welfare in the model, we focus on the limiting cashless economy. The social

welfare function is then
o0

> plsmw, (281)
t=0
with SW; defined as
1
SWi = (€ Q) ~ [ v(NiG). Z0) d (282)
0

Taking a second-order approximation of u (Cy, Q) is identical to our model; see expression (234).

N\ 2
Loglinearizing the second term in (282) gives, using the standard variance decomposition E} (Nt) =
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N A\ 2 N N N ~
varj Ny (7)+ (Eth> and expression (273) for N;. Since Z; is aggregate we have F;Z; = Z; and hencel4

loy, —

B (N, (), Z) = onN (ﬁ (% 4)+ —ﬁmm (h-37 Lvar; W, (j)> (283)

1
2
+ox N (% (vaert () + (ﬁf (yt _ At)2>) +0zZ (Zt + % (Z“t>2>

—i—%@NNNQ <ﬁ>2 <Yt — At)Q + ﬁNZNZﬁ (Y} - At) Z

1 N2
502272 () +tin+ o (Jl€l).

Combining the log linearizations of u <C’g , Qt> and fol v (N¢ (j), Zt) dj from expressions (234) and

(283) gives welfare as

2
_ 1 /e 11 . 11 . 1/ 1 \?/. .\2

— oy N —<Y—A) —— _varsY, ——variN; () + = | —— (Y—A)

UN (1 (-4 +2U(1_7)varft(f)+2awvam t(])+2<1_7) t— Ay

o (1) (% A 02 (5o &) 2t o (161

/1 a2 1 o /AN e
SW, = acC Ct+§((]t) + ZtdceC (ct) +acoCOCO, (284)

We are interested in computing the difference between sticky and flexible price welfare. The

difference SW; — SW}* is, using that ucC (1 — ) = 9y N

——~  OnN+oyNyN? . NZ A
SW; — SW; = <UCQCQQt+”N TNy —“NZ Z) (Yt Y{")
(1—7)
1 _ 1 \?
+§ (ﬂcc— (ﬁ) UNN+UCCc — UNNN ) ( > (285)
_ /1 1 N 11 o . 3
—onN <2mvarfYt (f)+ §avaert (])) +tip+o <||§|| ) :

We can eliminate the shock terms by using that flexible price output f/t* can be written as a

function of shocks. As in our model, see expression (239), we can write

~

A (286)

. . ZN . _
A OV} = — 2 Nzl — —— (v + NN
CY; UCQC’QQtJr(l_W)UNZ ¢ 1_7U(N+UNN )1—7

where ~
N 1 . 0%
MPL1—~ MPL "1—

A = ﬂccé* — UNN (287)

. 2 . . . 2 . . .
"Note that the terms (varfYt (f)) . wvaryYy (f)var; N (), (vaert (j)) , (Yt - At) (UanY} (f)) and
. . . . 2
(Yt — At) (Uarj Ny (])) appearing in the (Ej Ny (])) term vanish since they are of order 3 and higher.
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Using the expression above for A*CY;* in expression (285) for SW; — SW;* gives

NC [o 4\2
SW; — SW; = (Yt - Yt*> (288)
o1 1 - 1 & g , 3
—UNN§ (mvarfy% (f) + EUCLTJNt (J)) +tp+o <||£|| ) .

Using (288), and (275) and (274), the total welfare difference is
N A\ 2
g (V- ¥7) (289)

(7

Repeatedly substituting expression (279) into itself (forwardly), starting at 0 gives

S8 (SW — SWp) =
t=0

NS
ﬁ; L'“Mg

Mg

—vars Py (F) + ouvars W) +tin-+ o (J6IF).

t
vary (log P4 () = (awa) ™ vary (log Py (£)) + 75— (@) ™ (7)° + 0 (I)°) . (200)
W= s—0

Multiplying by 8¢ on both sides and summing from 0 to infinity gives

S~ Blvary (log Py () = —— Z Ptip+o(lEl’).  (291)

— 1—aypal— awaﬁ

The same can be done for var; (log Wi (j)). We get

> Bvary (log Wi (f)) = 72— ﬂz 7)2 + tip+ o (I€11°) (292)
t=0 w w

Using expressions (291) and (292) in (289) gives

[o¢] [o¢]
S8 (Wi - SW;) = B'Lu+tip+o | (293)
t=0 t=0
where
Li = 0p (2) + 05 (70)* + O (7%)2 (294)
and
_ A*C_'_ﬂcc_' 1 ¥
0, = 5 T 9 <Pc pNﬁ_ﬁ>
1 _1 o
0, = —=oyN= ,
SNV (295)
0, = —l’l_)NNiUw
2 1
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7.6 Optimal Policy

To find the optimal rule under discretion, the central bank solves the following problem

V (i, @f) = max 0, (5% + O (71)” + O (79) + BEV (i, 0740) +tip + 0 (€1°) (296)

{Z,70e, Y e }

subject to
Fo = BB +11(d0 — ) + 7 jvmt’ (297)
Wy = g+ 7Y — 7y, (298)
7 = BE#Y — QL (b —af) + QF 3. (299)

As in our model, we can write the Lagrange multipliers as functions of z¢, 77y and 7%

-1

AT —=1 0 —QF 0,74
AW =2 1 1 0 Ontr | - (300)
ur” 0 -1 1 O po 7t

Then we can eliminate the Lagrange multipliers from the first-order condition with respect to w;. We

then get the following system of equations

0 = BEt‘/l (wt,wz‘ﬂ) - A? ($t,7['t,71'(£)) (H-ﬁ-ﬁ%) —|—)\%U (xt,ﬂ't,ﬂ';})
t

w . o) %
_)\? ($t77rt77rctu) <6# - Qg) )
t

Rt o= BB+ 1 i+ 11 (i = ) (301)
Qf)t == 'lZ)t_l +7%‘£J - 7A'('t,
7 = BE#Y, — QL (e —w)) + QF .
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